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Plan of the lecture

This lecture covers a selection of econometric models that feature
a limited dependent variable (LDV). The tools developed in
this lecture have wide applicability, and are instrumental towards
some particular topics treated in later lectures (14-18).

Specifically, this lecture covers three major themes.

1. Models for multinomial responses (multinomial logit and
probit, models for ordered LDVs): the backbone of demand
estimation (Lecture 14) and entry game models (Lecture 16).

2. LDV models for panel data (fixed/random effects adapted
to LDVs), occasionally useful in Lectures 17 and 18.

3. The dynamic logit model (Rust, 1987) which is helpful for
the understanding of dynamic games (Lecture 16).

Knowledge of simple logit and probit (Lecture 11) is assumed.



Review of multinomial response models

What follows is an overview of leading econometric multinomial
response models. The following are presented in sequence:

¢ the multinomial logit model;

the nested (multinomial) logit model;

the mixed (multinomial) logit model,

the multinomial probit model;

and ordered multinomial models (probit and logit).

Emphasis is placed on the foundational multinomial logit model;
the other models, while motivated, are treated more briefly.



The multinomial logit model (1/9)

The multinomial logit is an important limited dependent
variable (LDV) model for a multinomial outcome Y;.

That is, the support of Y; (write it Y) is finite and countable.
Let there be J alternative realizations of Y; (|Y]| = J).

Typically, the dependent variable is coded over a collection
of integers, Y; = 1,2,...,J: however, numbers do not imply

an ordered relationship of any sort.

Thus, the outcome variable can be conveniently re-coded in
terms of J Bernoulli variables Y}; for j = 1,...,J with:

1 ifY;=3j
Yji = )
0 otherwise.



The multinomial logit model (2/9)

® Interest in this model falls on the probability that any of the
J possible realizations of Y; occurs as a function of some K
observable characteristics xj; = (lei,XjS’ . ,Xsz‘) that
are possibly specific to alternative j =1,...,J.

o [f for example Y; represents different product alternatives,
xj; may represent the subjective evaluation that a consumer
makes of all these alternatives.

® Because this amounts to specifying conditional probabilities,
the model is often called conditional multinomial logit.

® The (conditional) multinomial logit’s defining feature is the
following expression for the probability of all alternatives.

exp <w}; [3)
Y1 exp (z4;B)

where B = (1, B2, ..., Bx) is a parameter vector of interest.

pji =P (Y =1x1,...,25) =




The multinomial logit model (3/9)

® Note that if x;; were constant across the J alternatives, that
is ®y; = xy; = -+ = xj; = x;, this model would be moot:
all the J choices would be equally likely.

e However, in this case one can re-formulate the model as:

P(Yyi=1la) = — b (=7,)

Dii = 1] ) =

" " Y Yy oxp (] Bi)

where B; = (B;1,Bj2,---,BjK) is one out of J alternative-

specific parameter vectors of interest.

® The inability to estimate J alternative-specific parameters if
xj; is not constant over j is an identification problem!

® Most typically, xj; features both alternative-specific as well
as “constant” characteristics. The elements of B; associated
with the former are constrained constant across alternatives.



The multinomial logit model (4/9)

These different levels of variation for the observed characteristics
xj; and for the parameters 3; led to a use of language that may
appear confusing. Many researchers call:

® 3 plain multinomial logit a model that features fixed «;
and varying 3;;

® an actual conditional multinomial logit a model that on
the contrary features varying «;; and fixed (;

¢ a mixed multinomial logit a model that “mixes” both.

This specific use of terminology may appear rather confusing to
econometricians, who are typically accustomed to call “mixed” a
multinomial logit with random parameters (more on this later).

For simplicity, the following treatment sticks to the “conditional
multinomial logit” with varying x;; and fixed f3.



The multinomial logit model (5/9)

Make the following observations.

® One can always reformulate an alternative-invariant variable
X as a vector of length J: &3, = (D1 X, ..., Dy X;); with
Dyj; = 1it £ = j and Dyj; = 0 otherwise, for £ =1,...,J.

® Hence, the J parameters associated with :1:;"Z correspond to
alternative-specific parameters.

e If xj; contains a “constant” vector that is thus dummified,

its parameters are interpreted as the realization probabilities
conditional on all other x;;’s being set at zero.

Although the “conditional multinomial logit” is more general, for
the sake of practical implementation and estimates interpretation
a researcher must always pay attention to the level of variation
of the observable characteristics x;;’s.



The multinomial logit model (6/9)

Like all LDV models, the multinomial logit admits a structural
interpretation in terms of latent variables. Let:

T
Vii=x;;B + €ji

be the utility associated by observation i to the j-th alternative.
Here €j; is a random component of the utility V};. It is assumed
that alternative j is “chosen” by observation ¢ if it is the one that
delivers the highest utility.

Y}',‘ =1 & ‘/ﬂ = max{Vli,...,VJi}
Furthermore, if €; is i.i.d. with
Eji ~ Gumbel (0, 1)

that is, the random component follows the Gumbel distribution
with standard parameters, then the realization probabilities take
the multinomial logit form, as it is shown next.



The multinomial logit model (7/9)

pji =P (U {Vji > sz})

k#j
=P (U {5}“' <eji+ (x5 — wki)T ﬁ})
k#j
(@ — @ _exp(oei) o
/ kl;[Jexp exp —eji — (w0 — xp) " [3)) oxp (exp(_gﬂ))dau
/oo Hexp wexp ( —aj)" B)) oxp (@) du  [u=exp(—¢c;)]
k#j
= /"C exp (—u 1+ Zexp ((a:;m - wji)T [5)‘| ) du
0 ki

1
1+ > P (i — 250)" B)
exp (m};B)
S exp (@],B)




The multinomial logit model (8/9)

® At first the Gumbel assumption might seem rather arbitrary.
Note though that for j,k=1,...,J:

(Vi — Vi) — (@ji — Tii) " B = €ji — eg; ~ Logistic (0, 1)

the difference between any two random components follows
the standard logistic distribution (Observation 14, Lecture
3) which can be thought as a more natural choice.

e If the scale parameter is unrestricted: ¢;; ~ Gumbel (0, 0),
the alternative-specific probabilities are hardly changed:

_exp (mJTiB/G)
a Zi:l exp (x;8/0)

and consequently 3 and o are not separately identified. This
motivates the normalization o = 1.

i =P (Y =1|x1,...,25)



The multinomial logit model (9/9)

How to interpret the model’s coefficients 37

® They allow to calculate the marginal effects of changes in
xj; on the realization probability of each alternative.

Opji .
893]%‘ DPji ( [] ] pkz) B
where py; is understood as a function of (@y;,...,x ;) for all

k=1,...,J. Similarly to simpler logit and probit models,
such marginal effects must be computed and/or averaged at
specific realizations of (xy;,...,2;).

® Under the structural interpretation of the model, they also
bear an interpretation in terms of marginal utilities.

6‘/3 _ 8(213};[3-}-631) B

8333'1' 8£Uji



Estimation of the multinomial logit model (1/4)

® The likelihood function of this model is:

ﬁ(ﬁ’{}’i;xu,-- s XJi bim 1) = 1_[1_[10%Z

i=1j5=1
where pj; is implicitly treated as a function of the realizations
(X14, ..., %7;) and y;; is the realization of Yj; for j =1,...,J
stacked in an observation-specific vector y; = (Y14, ..., 4Ji)-

Recall that Z}Ll Yji = Zj:1 Yii=1.

® Thus, the log-likelihood function is as follows.
log £ (B ‘{Yi;Xu, o X Ji b 1) Zzyjl log (pji)
i=1j=1
® Define the following quantity.
_ J o Z}‘]:WXP (XjTiﬁ) Xji
- ;pﬂxﬂ i e (xB)




Estimation of the multinomial logit model (2/4)

® The First Order Conditions are as follows:

810g£([?)‘{Yi;X1i,...,XJZ'},J£V:1> N J yji Opji
op B ;; pji OB
N J
=D D ysi (x50 — %)
i=1j=1
=0

since Opji/OB = pji (Xji — X;) as it is possible to verify. The
parameters are “buried” within X;. Since there is no closed
form solution, the estimates are obtained numerically.

® Some further algebra yields the Hessian of the log-likelihood
function, which may be useful for inference purposes.

dlog L (B|") T
W ZZy]Z Xﬂfx X]Z*Xi)

=1 j5=1



Estimation of the multinomial logit model (3/4)

® These equations differ for models that feature only constant
characteristics x; and varying parameters f3;.

¢ In particular, the First Order Conditions for 3,7 =1,...,J
are as follows (yet again without closed form solution).

810g£(B‘{yz';xu,---,XJz‘}i]L) N

o8, = ; (yji —pji)xi =0

® Recall that pj; is a function of all the parameters! Note that
fOI‘ k= 1, .. .,J it is 8pﬂ/8ﬁk :pji (]1 [j = ]{3] —pki)xz

® The Hessian of the log-likelihood function instead has blocks
with the following form, for j, k=1,...,J.

Olog L (B]-)
W ZZ ]z ]—k pki)XXZ

i=17=1



Estimation of the multinomial logit model (4/4)

® Sometimes the alternatives available to single observations
are not the same. Denote the choice set for observation ¢ as
C;. In such a case, the multinomial logit is still well defined.
The likelihood function changes as:

N exp (X};B)
cBl)=1ITI > kee, €xp (X15B)

i=14eC;

Yji

and estimation proceeds as in the standard case.

® In other cases, the choice set is so large as to make estimation
impractical. McFadden (1978) showed that one can still get
consistent estimates with a likelihood function like:
I g e
ZkG’C; exp (ng[3>

i=17€eK;

where K; is a random subset of alternatives associated to
1 that is selected so as to include ¢’s realized outcome Y;.



Independence of irrelevance alternatives

® The fundamental property of the multinomial logit model is

the independence of irrelevant alternatives (ITA) that
is featured by realization probabilities. In short:

Pt — exp ((wji — @) [3)

Dri
for any j,k =1,...,J. Thus, for every observation pair the
ratio between the realization probabilities of two alternatives
is constant, and unaffected by other alternatives £ and their
characteristics xy;.

This may be unrealistic in many settings, as illustrated by
the “red bus, blue bus” famous example (McFadden, 1974).
Suppose that one is studying the determinants of choosing a
“red bus” (j) against a car (k) as means of transportation. A
two-outcomes model would return some ratio pj;/pr;. Then
a “blue bus” (¢) is introduced. Realistically, pg; should not
vary, but IIA must be violated for p;; +pg; +pe; = 1 to hold.



Limitations of the multinomial logit

The multinomial logit is extremely popular: it is based on simple
expressions, it is easy enough to estimate, and it can be motivated
in ways other than the Gumbel-distributed latent shocks ;.

However, to an econometrician’s eye it also features three major
limitations.

1. The non-random “tastes” of individuals/observations, that
is the 3 parameters, are unrealistically homogeneous.

2. Asargued, the substitution patterns between alternatives
are often unrealistic because of ITA.

3. The model is generally not well suited to data that feature
autocorrelation in time or spatial correlation.

The next three multinomial models aim at addressing limitations
1 and 2, while the third one is outside the scope of this review.



The nested logit model (1/3)

¢ It was McFadden himself (1978) who proposed an extension
of the multinomial logit that addresses issues of IIA.

® In the nested logit the alternative outcomes have a “tree-
like” hierarchical structure, with “limbs” and “branches.”

The J alternatives are thought as “branches” grouped across
L “limbs;” each limb has J, branches with ZEL:1 Jp=J.

® Thus, alternatives are denoted by Yy;; with j = 1,...,J, and
£=1,...,L. They can be represented as follows.

Root

...... ... Branches - - -



The nested logit model (2/3)

® Let there be H limb-specific observable characteristics zy;,
and K; branch-specific z,;; characteristics for £ =1,..., L.

® In the nested logit model, the realization probabilities are:

exp (z};-cx + pﬂe) exp (w}jiﬁe/pe)
Deji =
o1 exp (2 + onln) Ly exp (i Be/po)
=pei=P(Yei=1]) =p ji1e=P(Yej=1|Yei=1,")

where Yy; = 1 denotes selection of the ¢-th limb; whereas I,
is defined as follows for £ =1,..., L.

Je
Iy =log (Z exp (ﬁkiﬁé/@d)
k

® The model’s parameters are © = (&, B1,...,BL,P1,---,PL)-
The nested structure operates through the p = (p1,...,pL)
parameters: if p =, this is a standard multinomial logit.



The nested logit model (3/3)

® The latent variable representation of the nested logit is:
Wji = ZE(X + mgﬂﬁg + Egji
where €¢;; follows a joint GEV distribution that features p as

measures of within-limb anti-correlation (McFadden, 1978).

® The likelihood function is most succinctly expressed in terms
of the various realization probabilities involved:

N L
T (p%f’ I ﬁ;@z)
1=1 /=

and so is the log-likelihood function to be jointly maximized.

N L
log£(0]-) =YY" {y& log (pg;) + Zyeﬂ log (Pme)]

i=1/4=1

e For convenience, one can sequentially estimate first I, and
¢/p¢ in branches; and second, & and p in limbs.



The mixed logit model (1/2)

The random parameters logit model, also called mixed logit
by econometricians, is based upon a representation of the latent
random utility that features heterogeneous “tastes.”

T
Vii=x;;Bi + €ji

The key feature is that the parameters 8; are observation-specific
and treated as random, typically jointly normal.

Bi ~ N (B, X)
For u; = »3 (Bi — B), the model can be re-written as follows.
Vi = ;B + vji
Twi
Vj; = a:jl-22ui + €ji

The shock €; is still assumed to be standard Gumbel distributed,
and to be independent across observations and alternatives.



The mixed logit model (2/2)

® Notice that for j # k, Cov (vj;, Ugi| T i, Tki) = :c};E:cki: this
introduces correlation between alternatives, defying IIA!

® The realization probabilities are as follows:
1
[ ol
Dji = 1
RE S exp (w;gl ([5 + X2y

where ¢ (-) is the p.d.f. of the standard multivariate normal
distribution. This integral has no closed form solution.

¢ (u;) du;
)

¢ This model is typically estimated by MSL through a sample

of § simulation draws {us};q:l; 3 is often restricted ex ante.

(EMSL,EMSL) =
1
N S exp (w;l; (B+E§u5>)

J
= arg max Z Z yji log [; Z
j=1

1
®.= 3 s=1 Zizl exp (mgz (ﬁ + EEUS))




The multinomial probit model

The multinomial probit model is also based on the standard
representation of the latent random utility:

T
Vii= ;B + €ji

but the random component &; = (€14, ...,;) is jointly normally
distributed: a more natural choice than GEV distributions.
E; ~ N (0, 2)

Observe that if 3 is non-diagonal, the alternatives are correlated,
like in the mixed logit. Moreover, IIA does not hold in this model.

For all its advantages, this model features quite a major problem:
its realization probabilities can be very difficult to compute.

Pji _/ H]l XﬂE’Jreﬂ > sz[3+5kz) |2| (2_%&') de;

Even simulatlon methods struggle to estimate this model quickly.
Furthermore, identification requires careful restrictions on X.



Ordered multinomial models (1/2)

e What if the alternatives are naturally ordered (for example,
Y; represents a ladder of a product’s qualities)? The models
reviewed thus far are unsuited to address the problem.

® The solution are the ordered multinomial models that
posit a latent variable representation

Y =aiB+e

that implies selection of the j-th alternative if it “passes” a
certain associated threshold o;_1, for j =1,...,J.

Yi=je o1 <Y <q

® There are J thresholds & = (aq, ..., «y) that are treated as
parameters to be estimated, alongside f3.

® Note that the observable characteristics x; only vary at the
level of units of observation here.



Ordered multinomial models (2/2)

® Let Fyp (ei| x;) be the c.d.f. for ¢; given x;: for example, the
standard normal @ (-) for the ordered probit, the standard
logistic A (+) for the ordered logit, or others. Then:

pji =P (Y = jla;)
=P(aj1 <Y < o] ;)

=P (063;1 — a:ZT[S <g < o — :B;TB‘ w,)
= F5|a: ((Xj - w;FB’ wz) - F6|w (ocj—l - w;rﬁ’ :Bz)
® .. which enables MLE via a familiar log-likelihood function.
N J
log £ (ﬁ ’{?h’? Xi}f\il) =3 yilog (ps)
i=1j=1

® The marginal effects obtain from the p.d.f.s f.|, (& x:).

B~ 1 (o578 ) o (18]




Instrumental variables for multinomial models

An alternative estimation approach for unordered multinomial
models is based on moment conditions of the following form:

E[Yji — pji (24i; 0)| 2ji] = E [2ji (Yji — pji (®:;0))] = 0
for j =1,...,J. These moment conditions feature:

® pji(xj;0): the realization probability for the j-th choice, as
a function of the characteristics x;; and some parameters 0;
for example, this can be a multinomial probit simulated pj;;

® zj;: a vector of instruments; possibly it is zj; = x;;, more
generally it includes a different/larger set of shifters.

If one suspects that the latent variable error €j; correlates with
xj; and pj; (x5:; 0) is correctly specified, estimating 0 using these
moments in a (G)MM/MSM framework can be the sound choice.
However, this is generally less efficient than MLE.



Review of panel models for discrete outcomes

What follows is an overview of selected approaches to unobserved
heterogeneity in LDV models, when panel data are available to
the econometrician. The models outlined next are:

® the conditional logit model for binary outcomes;
® the dynamic logit model with fixed effects;

¢ the fixed effects multinomial logit model;

¢ the random effects model probit model,

® the correlated random effects models.

Emphasis is placed on the statistical interpretation of each model.



The incidental parameter problem

Practitioners of econometrics are accustomed to a fairly seamless
implementation of fixed or random effects in linear models. With
a hindsight this should be a surprise, because in general, a model
written as:

Yie =h<0%+93;5l3) + €t

where h (-) is some arbitrary non-linear function, should pose
econometric challenges if the longitudinal dimension of the panel
T is small (as it is extremely common in practice).

In fact, estimation of the individual effects «; is inconsistent
with small T'; and this also makes the estimates of 3 inconsistent
via the M-Estimation First Order Conditions. This is known as
the incidental parameter problem.

This does not occur in linear models thanks to the Frisch-Waugh-
Lovell Theorem (Lecture 7). This is all but a coincidence.



Logit and probit with fixed effects

Adding fixed effects «; to the logit or the probit model in presence
of panel data gives, respectively:

P(Yio = 1|a) = A (o + x5p)
P(Yy=1lxy) =9 (oci +w3;l3)

where A (-) and @ (-) are the c.d.f.s of the standard logistic and
standard normal distributions, respectively.

There is no obvious solution to the incidental parameter problem
in the probit’s case. However, the logit can be transformed so
as to remove the fixed effects o;. This is yet another coincidence,
this time due to the logistic distribution’s functional form.

The transformation obtains by conditioning on Zthl Y;:, which
is a sufficient statistic for o;.



The conditional fixed effects logit (1/4)

In the panel data logit model, write the conditional density of all
the outcomes y; = (Y;1,...,Y;r) of observation i.

fyi (Yi| Xily - 7XiT) =

ﬁ exp ((Xi I X;I,;B) Yit ( 1 )1—yit
A\ 1+ exp (o +x4B) 1+ exp (o +x3,B)

- exp (0% Zthl yit) exp (25:1 yz‘txgﬁ)
Hthl [1+ exp (o + x5 B)]

Note that this result can be generalized for any arbitrary vector
of “hypothetical” individual-level outcomes v; = (Vj1, ..., Vir).

exp (0% Zthl Uz‘t) exXp (Ethl ”z’txg;ﬁ)
TT/2) [1+ exp (o + x5 B)]

Joi (Vil Xit, .. xi) =



The conditional fixed effects logit (2/4)

The conditional fixed effects logit model (not to be confused
with the multinomial “conditional” logit) is constructed by noting
(Chamberlain, 1980) that:

d Jy: (Vil X1, -+, Xir)
Jui | ¥i Zyit§xi17-~-7xiT = T
t=1 fyi (Zt:l Yit| Xily - - 7XiT)
exp (XL, yixB)
= - n
ZVZ'EVZ' exp (Zt:l vitxitﬁ)

where V; = {vi : ZiTzl (vit — yit) = 0} is the set of all the possible
configurations of the individual binary outcomes that yield the
same count of “successes” for ¢ as the one actually observed.

This derivation shows that Z;le Y: is a sufficient statistic for o
(see Lecture 4). Intuitively, this is because «; is a measure of the
average propensity to obtain a Bernoulli “success” Y;; = 1.



The conditional fixed effects logit (3/4)

The likelihood function associated with this model is as follows.
N
r N exp (S o)
LBI3Y vy X =11 - =
t=1 i=1 i=1 ZviEVi €xXp (Zt:l Uitxitﬁ>

In this expression, y; and X; represent individual observations
(yit, X3) stacked over the panel. Some observations are due.

® The effective unit of observation is the panel unit <.

® The observations ¢ for which the set V; has dimension 1 do
not contribute to the likelihood function.

e This occurs for example if 37 Yy =0 or Y7 Vi = T.

¢ Estimation requires specifying the set V; fort =1,...,T—1.
This can be cumbersome for moderate values of T.

e FEstimation of this model is otherwise standard.



The conditional fixed effects logit (4/4)

There are two more important observations to make.

® Similarly as in linear models with fixed effects, identification
follows from the time variation in the regressors a;;. This
is best exemplified by the simple case with T = 2, where:

exp (X;BB)
exp (x}B) + exp (x5B)
exp ((Xi2 - Xil)T ﬁ)
1+exp ((XiZ —x;1)" ﬁ)
and symmetrically if Y;; = 1 and Yj;o = 0.

P(Yii =0UYp=1Yi+Ype=1)=

® The elimination of the fixed effects prevents the calculation
of standard marginal effects of 3 on A (0(1 + a:;l;ﬁ) Still,
it is possible to evaluate the marginal effect of changes in the
time variation of the regressors, e.g. in (x;2 — x;1) for T = 2.



Adding a lagged dependent variable
Suppose interest falls on the following model:

P (Yit =1 wit;n(t71)> =41 (oci +z;B +YYi(tfl))

where, similarly to dynamic linear models, it is empirically salient
to disentangle the fixed effect o; (unobserved heterogeneity) from
the effect of past outcomes Y;,_1) (state dependence).

When 3 = 0, a derivation similar to the previous one applies.

T exp (v S yityi(H))
fyi yi =
>

Yi1, Z Yit, YiT
_ T _ _ _
Here, W; = {Wi D> i (Wi — i) = 0, win = yin, wir = yiT} also

T—
t=1 w;eW,; €XP (Y Zt:21 with’(t—l))

restricts the first and last “pseudo-outcomes” to match the real
ones. For this reason, this dynamic logit requires 7' > 4. When
B # 0, more complications arise (Honoré and Kyriziadou, 2000).



The multinomial logit with fixed effects (1/2)

This logic also extends to the multinomial logit:
exp (O(/L‘j + wﬁﬁi)
i1 exp (o, + 2, B)

where oy, for K =1,...,J can be interpreted as the tendency of
individual ¢ to make the k-th choice over the T periods.

piit =P (Vi = 1 @it ..., T gi) =

In this case, the sufficient statistic approach gives:
T
©Xp (thl Z}]:1 yjitx;rz't B)
T J
ZuieUi exXp (Zt:l Zj:l ujithTitB>
where here u; = (ui4,...,uzy) is a vector of pseudo-outcomes
for observation 4 at times ¢, matrices Y;, U; and Xj; obtain by
stacking y;, u; and xj;; horizontally over ¢ (for j = 1,...,J),

and U; = {U; : (Y; — U;) L = 0} is the set of all configurations
of U; that yield, across all the J options, the real total count.

frv, Y| Yiu Xy, ..., X ) =



The multinomial logit with fixed effects (2/2)

It is worth making some additional considerations.

¢ This model is most appropriately called “multinomial logit
with fixed effects” as the adjective conditional is most often
associated with the model’s plain cross-sectional version.

® The baseline structure of the multinomial choice problem (in
every period an observation makes at least one choice, be it
even an outside option) ensures that U; is never a singleton.

e However, U; may be very difficult to completely characterize
for large J and T'. In this case, one should adopt a strategy to
uniformly sample from U; and construct the denominator of
the conditional density of Y; accordingly. This is analogous
to McFadden’s (1978) analysis of the many-alternatives case.

® The model extends to unbalanced panels and heterogeneous
choice sets; for dynamics see Honoré and Kyriziadou (2000).



The random effects probit model (1/2)

In the probit case, there is no special “trick” to easily remove «;.
The standard approach is thus to treat «; as a random variable,
and to account for its distribution while estimating the model.

Suppose for example that o;| zi ~ N (0,0%). Then:
1 o

P(Yi = 1 zi) = / P(Yit = 1] @it; o) —¢ (l) doy
R Oa \0Oq

where ¢ (+) is the standard normal density. If P (Y = 1| @i; o)
proceeds according to the familiar probit form, the full likelihood
function is as follows, and it can be optimized numerically.

L ((3, Ui’ {yit, - virs X, - - - inT}i]\Ll) -

oo ot

a6



The random effects probit model (2/2)

Some observations apply to this random effects probit model.

® Asin linear models, this approach relies on the random effect
«; being independent of the regressors x;;. In many practical
applications, this can be inappropriate.

e This approach can be extended to the logit, as well as to any
parametric non-linear model with fixed effects (even beyond
binary outcomes). In some cases, the integral expressing the
likelihood function has a closed form.

® Similarly, the approach can be extended to dynamic models
with lagged outcomes among the regressors.

® One can specify a discrete support for ; with an unrestricted
mass function p, (j) = 7;. This renders the approach akin
to a mixture model (see Lecture 17 for a succinct summary
of linear mixture models).



Correlated random effects models

To overcome the assumption about independence between «; and
x;;, one can specify a full-fledged parametric correlation structure
between them. For example, Chamberlain’s (1980) version of the
correlated random effects model posits:

T T L2
(xi|mﬂ,...,miT ~N<mi17t1 —+ .. +$iTT[T70a)

leading to a more general likelihood function where (7, ..., 7tp)
are parameters to estimate, alongside 02.

In applications, the more restricted, easier-to-estimate version by
Mundlak (1978) is often preferred: it assumes the following.

T
1
T,.. 2
| xit, .. i ~ N (T Zl‘zﬂ"; 0a>
t=1

These models enable the computation of marginal effects that
also embody the indirect effect of the regressors x;; through o;.



The dynamic logit model (1/10)

This lecture is concluded by reviewing the dynamic logit model
as in the original formulation by Rust (1987).

This is not a logit model with a lagged dependent variable.

This is a model for longitudinal data where individuals take
forward-looking choices.

More specifically, state variables depend on past choices.

Rust frames it via a famous example: Harold Zurcher (HZ),
a superintendent for bus maintenance from Madison, WI.

HZ is faced with a peculiar optimal stopping problem of
econometric interest: when to replace the bus engines?

The original model about HZ is reviewed next.



The dynamic logit model (2/10)

Think of a bus in HZ’s depot observed over time t =1,2,....
® Let X; represent mileage of the bus: the state variable.

® Let I; € {0,1} represent engine replacement for this bus:
this is an endogenous decision by HZ.

Let €; = (¢, €1¢) and 01 = (0),%). HZ’s per-period payoff is:

.0/ e
(X, Iy, €4,01) = {_C(Xhel,)—i—g()t %f fe=0
X—c(0;0]) +e if;=1
where here: i. ¢ (Xy; 0)) are regular maintenance costs, dependent
upon some parameters 0/; 4. X is the replacement cost of engines,
with x < 0; 7. eg¢ and €14 are two payoff shocks that are known
to HZ, but not to the econometrician.



The dynamic logit model (3/10)

This would be a simple logit /probit if HZ took “myopic” decisions
in every period t. However, HZ is forward-looking and maximizes
the present value of future payoffs. His value function is:

oo
V(Xi,6;0) = (hax E|Y 87 ' (X;, 1,605 01) Xt,€t§921
TIr=t T=t

where 8 € [0,1] is the discount factor; 0 is the parameter set
that governs how future X, o, and 1, are determined, whose
knowledge is implicit in the expectation; and © = (01, 02).

The value function can be represented via a Bellman equation:

V(X e;0) = Itlél{%ﬁ} [ (X4, Iy, €4;01) + BEV (Xy, Iy, €43 0)]

where EV (-; 0) is the continuation value: that is, a function for
the expected utility from periods later than ¢, given a choice I.



The dynamic logit model (4/10)
Specifically, the expected future value is as follows.
gV Xt7 It7 €t; 9)

/ V Y77077717 )p(}/’ 7707771‘Xt7[t750t751t392) denOdnl

Rust introduces a conditional independence assumption:

P (Xt+1750(t+1)751(t+1) X, It, eots €185 92) =

=f (50(t+1)7€1(t+1) Xt+17Xt7]t750t751t> :
q (Xeg1| Xt, It, €0ty €145 02)

=f <€o(t+1)a51(t+1) Xt+1> q (Xey1| Xe, 115 02)

where the second line follows from additional simplifications. All
parameters in f (-|-) are assumed away (say, normalized) in the
analysis. Note how X; follows a first-order Markov process.



The dynamic logit model (5/10)

The model’s likelihood function helps appreciate the usefulness of
the assumption. Suppose that a sample of NV buses is available,
and write ¢;; = {IZ'T}’;:O and x;; = {XZ-T}tTZO fori=1,...,N and
t=1,...,T, where T is finite. Then:

N T
[: (9 ‘{iiT7 wiT}i\il) == H H P (Iz’hXit

i=1t=1

Li(t—1)s Ti(t—1); 9)

N T
= [T TI P (fuul Xit; 0) g ( Xue

i=1t=1

Xit—1)s Lit; 92)
where the second line follows by Rust’s assumption. This suggests
a two-step approach to estimation.

1. In the first step, estimate 09 using solely data about xr,
conditional on non-replacement of the engine.

2. In the second step, and for a fixed value of 8 (more on this
later), estimate 01 using a “dynamic logit.”



The dynamic logit model (6/10)

The first step is fairly simple: it is a simple maximum likelihood
problem. One could for example maintain a continuous support
for X;;, formulate a functional form assumption about ¢ (-;02),
and estimate 09 accordingly.

Alternatively, one could non-parametrically estimate the matrix
of transition probabilities after discretizing X;;. For example,
if X is measured in kilometers; AX;; = X — Xi(t—1) and:

092 low if 0 < AX;; < 5000
P(AXt) =< Ogmedium  if 5000 < AX;; < 10000
0, high if 10000 < AX;; < o0

this is an exercise about estimating a categorical distribution’s
parameters with 025, +02 medium +02high = 1. In Rust’s original
paper, mileage is discretized over 90 intervals.



The dynamic logit model (7/10)

To build the dynamic logit for the second step it is necessary to
make assumptions about f (-). If both g and e1;; are standard
Gumbel shocks, independent of one another and of X;;, one gets:

P (1| Xit; 0) =
_ exp (T (Xit, Li; 01) + BEV (Xit, Lir, €13 9))
2 Jief0,1} €xXp (T (Xit, Jit; 01) + BEV (Xit, Jit, €43 0))

where T (X’itv Ly, 61) =xli — C(,XVZ (1 — Izt) ; 6/1) for I;; € {0, 1}

The main challenge here is computational: £V (-;0) depends on
the parameters in a non-trivial way, as the solution of a dynamic
optimization problem. More elaborate assumptions on f (-) bring
about additional complications.

Naturally, assumptions about ¢ (X;;; 0]) are also necessary; since
Rust, a linear specification is usually preferred.



The dynamic logit model (8/10)

To estimate 01 Rust suggests an iterative “outer loop, inner loop”
nested fixed point algorithm. Given 04 as obtained in the first
step, at every iteration of 01 proceed as follows.

® [n the inner loop, use numerical methods to evaluate the
expected value function and thus P (I;;| X;; 0); here:

EV (X, [i;8) =
_ / log [ Z exp (77(Y7J;91) - pEY (Y’J’é)) ‘
R Je{o,1}
q (Y‘Xitajit;é2> ay

where 0 = (61, §2), and similarly if X;; is discretized.

® In the outer loop, search for the value of 87 that, given §2,
maximizes the joint likelihood function of the data.



The dynamic logit model (9/10)

The expected value function in the inner loop is given in closed
form: how convenient! To appreciate it, a digression is useful.

If {V;}Y | is a sequence of N i.i.d. random variables such that
Vi ~ Gumbel (8;, 1)

then the mazimum V(yy is also Gumbel-distributed. In fact:

N N

Fyy, (v) = HP(% <wv) = Hexp(—exp(— (v—25:)))

i=1 i=1

o )

N
E [V(N)] =7+ log; exp (;)

hence:

where v =~ 0.57721 is the Euler-Mascheroni constant.



The dynamic logit model (10/10)

In Rust’s model, the discount factor 3 is typically held fixed (e.g.
calibrated) because it is non-parametrically unidentified.

In short, two models are observationally equivalent at explaining
any given (#;p, ;) sequence:

® 3 myopic model, where x is low and, for t =1,...,T":

Iy = argmax m (X, Jit, €it; 01)
JitE{O,l}

e 3 farsighted model, where x is high and, for t =1,...,T":

Iy = argmax m (X, Jit, €413 01) + EV (Xit, Jir, €113 0)
Jir€{0,1}

and x;7 is determined accordingly. For more details, see Magnac
and Thesmar (2002).



Conditional choice probability estimation (1/6)

® Rust’s model was path-breaking, but the nested fixed point
estimation algorithm has proven to be too computationally
expensive beyond relatively simple cases.

® Researchers have thus attempted alternative approaches.

® The conditional choice probability estimation approach
by Hotz and Miller (1993) is a successful one such attempt.

® The key idea is that P (1| X;;) can be estimated in the data.

® The parameters 0 are backed up by matching such empirical
estimates to the model-implied probabilities P (I;;| X;1; 0).

® This leads to both simpler and faster estimation, and it can
be more easily generalized (multinomial choice, non-Gumbel
shocks, etc.). This presentation is based on the HZ setting.



Conditional choice probability estimation (2/6)

Conditional choice probability estimation also entails two steps:
the first one is about estimating 02 as well as P ( Ij| Xit).

e Estimation of 05 proceeds as in Rust. When Xj;; has discrete
or discretized support X = {Z1, ..., Zg} of dimension @), this
step returns ) matrices of size 2 x () expressed as follows.

Q(Xa) = <Q(51’Xit70§é;2) Q(EQ’Xita();é;Q))
q(El)Xit,l;%) q(EQ’Xit,l;92>

e In addition, P (I;;| X;) is also estimated, non-parametrically
or parametrically (e.g. via a logit). This returns vectors like:

R ~ (P(0]| X)
p(Xi) = <@(1|th)>

a “reduced form” of the model, one that is silent about 0.



Conditional choice probability estimation (3/6)

The second step is formulated as an intuitive minimum distance
problem over ©®1, the parameter space of 01, given 0s:

01 = argmin||p;/—1 — ps—1 (61)||
0,€0;

where, for different values of X;; € X (e.g. those from the data):

® p;— is a vector of empirical conditional choice probabilities
from the first step: P (1] X;;); and,

® pr—1(01) is a vector of structural, model-implied conditional
choice probabilities for given 0, and 62: P (1 ’Xit; 04, éz)

Given 01, vector py—1 (01) may be constructed via simulation.
In addition, if X is discrete a faster, simpler approach based on
linear algebra is also possible.

For exposition’s sake it is maintained next that X = {=;,..., =g}
is discrete.



Conditional choice probability estimation (4/6)

To illustrate, express the ex-ante value function as follows.

V(Xi;0) = > P (L] Xit) |7 (Xie, Liy; 01) +
I;;e{0,1}

+E g, i, Xi: 0]+ B Y ¢ (51 Xit, L1; 82) V (53 0)
FeX
Further write the choice-specific mean value function as:
U (Xit, Ii; 0) = 7 (Xig, Li; 01) + B Y q (5| Xir, Ii; 02) V (2 9)
FeX
which can be computed if for all = € X, V (=, 0) is known. With
Gumbel shocks, the entries of p;—1 (81) are calculated as follows.
€xXp (u (Xita ]-7 ela 62))
> Jie{0,1} €XP (U (Xz'h Jit; 01, 52))

P (Iz't = 1‘Xit; 01, é2> =



Conditional choice probability estimation (5/6)

The choice-specific mean value function can be simulated using
the first step estimates. Construct S simulated sequences:

. . S
{(llslv Xgl) RRER) (llsT’v XISTI)}SZI
obtained via 05 and p (X;t) from an initial value (Iy, Xo). Then:

S

U (Xo,Io; 0) = ; Z{XIO+C (Xo (1 —1Io); +Z BT [X

s=1
L1y, Xg(r—1); 9} } }

is an appropriate simulator for U (X, Ip; 0) as T" — oo, though
in practice this is truncated at some finite 77. When the &; shocks
are standard Gumbel, one can show that for 7 € Ny:

E[er,., /1. X1;0] = v — log B (1] X7)

else this conditional expectation must be obtained numerically.

— (XL (1= 1) ;07) +E [e1,



Conditional choice probability estimation (6/6)
The faster method is summarized here for Gumbel shocks. Let:
R %(Xit,O;Gl)—i—'y—logI@(O]Xit)
TC(Xit;01) = | _ .
7T (X, 1;01) +v —logP (1| Xy)

and:
V(Z51;0) 7t (Z1;01)
v(9) = : 7 (01) = :
V(Zg;0) 7 (Zg; 01)
and:
- pTE) o RCIEY
v = : Q=
0" B (Z0) Q(20)
then:

~ ~mr=1 o~
v(01,8:) = [1-9Q| ¥R (ey)
from which U (X, I;+;0), and so pr—1 (1), are obtained easily.



