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Overview of Maximum Estimation

® This Lecture introduces Maximum Estimation: a family of
estimation frameworks for linear and non-linear models.

o All these frameworks are based upon the optimization (that
is, maximization or minimization) of an objective function.

® Hence, a more general name for the family of frameworks is
that of Extremum Estimation.

® However, Maximum Estimation is more commonly used.

¢ Maximum Likelihood Estimation (MLE) is one special
case of Maximum Estimation, which is emphasized here.

® Lecture 12 focuses on another special case: the Generalized
Method of Moments.



Criteria and M-Estimators

® Suppose that the probabilistic assumptions of a structural
econometric model with variables (y;, z;, €;) make 0¢ in the
population the only solution to a maximization problem as:

09 = argmax Qp (0) = argmax lim —ZE (yi, 2i;0)]
0cO pc®@ N—oo N

where ¢ (y;, z;; 0) is a criterion for i =1,..., N.
e Write the latter hereinafter as g (x;; 0), where x; = (y;, ;).
e With i.i.d. data, it is simply Qg (8) = E [q (z;;0)].

e An M-Estimator 0 M for B maximizes the sample analog
of Qp (D), written as Qn (0).
N

éM:argmax@N( )—argmax—Zq x;; 0)
0cO 0cO =



Example: OLS as an M-Estimator

Let the CEF of some endogenous variable Y;, given some K
exogenous variables x;, be linear.

E[Y;| 2] =z Bo

In such a case, the “true” parameter vector 3¢ is shown to
minimize the “limiting” mean squared error (MSE).

Bo = argmax lim —Z E[( —x; [3)

BERK N—oco N

The OLS estimator is the minimizer of the sample analog.
TR

BoLs = argmax —— > (yz - XiTB)Z

pers N

2
This is an M-Estimator for ¢ (Y;, z;; B) = — (Y; - a:T[?)) .

2



Example: NLLS as an M-Estimator

® Let the CEF be now non-linear, governed by some function
denoted as h (x;; 0).

® The result linking here Bg with the MSE is here as follows.

1 N )
= Tlr' N - i~ i3
6o argemax im ZE 1 E {[Y h (x;;0)] }

¢ This lets express the Non-Linear Least Squares (NLLS)
estimator as the solution to the sample analog of the above
problem, so long as h (x;; 0) is invertible in 6.

N

—~ 1 9
0 g =ar maX——E i — h(x;;0
NLL §e® N 2 ly ( )]

e In this case it is ¢ (Y;, @i; B) = — [Y; — h (z;;0))°.



Score and Hessian

It is useful to define the score as the criterion’s gradient for ©:

0q(x430)
Dalnrs0)
q\Xq;
oy 99(xi50) | T,
si (x4;0) = ~90 )

9q(x;0)
00k

as well as the Hessian as. .. the criterion’s Hessian for 0.

0s; (xi; 9) 82 (x4;0)

H; (xi:8) = =557 = 5007
2?q(x4;,0)  Pq(x4,0) . 8%q(x4:0)
001001 001002 00100 i
%q(xi:0)  Pq(x:0) . 9%q(xi:0)
_ 8292391 862892 39289}(
0?2 (xz,e) 0?2 (xz, ) 92 (xl,e)
00 001 00 902 00 00K

Both objects are observation-specific (for i =1,..., N).



Identification of M-Estimators

Theorem 1

Identification of M-Estimators. In a M-Estimation environment,
the “true” parameter set g is locally point identified if the following
limiting average Hessian matriz evaluated at ©¢ has full K rank.

Q= lim —ZIE i (x5 00)]

Proof.

This is indeed a simple application of the Implicit Function Theorem.
In a well-defined M-Estimator, the true parameter vector g sets the
K First Order Conditions of the empirical criterion function Qn (6y)
equal to zero at the probability limit, at some limiting average score.

7QN (00) = NZ [69 xl,eo)} = lgnoo—ZE si (x4;00)] =

i=1

If the Jacobian Qg has full rank, the local solution 0 is unique. O



Examples: Identification of OLS and NLLS (1/2)
¢ In OLS, the score and Hessian are:
s; (yi, xi; B) = 2x;¢5
H; (yi, x5 B) = —2x;%;

hence, identification requires full rank of a familiar matrix.
2 & -
Qo = —2Ko = lim —— ;E =]

¢ In NLLS, define the error term by ¢; = y; — h (x;;0); thus
the score and the Hessian are as follows.

si (Yi,x4;0) = Z%h(xi; 0)- e
0 0
Hi (yi,xi,e) = —2879}1 (XZ, ) 89Th(xl,e>
02
+28969T (Xive) * &



Examples: Identification of OLS and NLLS (2/2)

e Note that, by the Law of Iterated Expectations:
0? 0?
E 90007 h (x;;09) - 5] Eqe [6989T (x;;00) - E &4 a:i]]
=0
as Elei|x;]) = E[Yi| @] — h (x5 00) = 0.

® Thus, any expected Hessian matrix of NLLS is just:
E[H; (2;; 80)] = —2E |[ho:hd]
where:
hg; 0 h (x;;00)
0i = ae i3 Y0
is the derivative of the CEF evaluated at x; and at the true
parameters 0g.

® The identification of NLLS is evaluated through E [hOihOTZ}.



Remarks on identification of M-Estimators

® [n practical applications, it is customary to verify that the
sample mean of the Hessian has full rank, as an indication
that the model is identified (N~!XTX for OLS).

® Furthermore, it is useful to check that the rows-columns of
the Hessian’s sample mean are not too correlated; otherwise,
identification is said to be weak, and the estimates are thus
very imprecise with large standard errors.

® This problem is called quasi-multicollinearity, and it is
intuitively due to the statistical difficulty of distinguishing
between two “factors” (like different explanatory variables,
columns in X) if they are very similar.

® In the IV and 2SLS cases, this corresponds to the problem
of weak instruments which occurs if the inverse of XTPzX
is too large.



Maximum (Likelihood) Estimation (1/3)
® Consider one special case of M-Estimation: MLE.
e Start from P structural relationships y; = s (y;, z;,€;0),

as well as a joint distribution F), . (2;,€;) of the exogenous
variables (both observable and unobservable).

® One can write the distribution of x; = (y;, 2;) as:

fre(2i,€0) = fae (zi; s¢' (Yi,2:30); 9)

where: f, ¢ (-) is the probability mass/density function that
is associated with F ¢ (+), whereas sz 1 (+) is the solution of
s (+) with respect to the unobservables g; (if it exists).

® Hence, MLE is the M-Estimator with criterion equaling the
logarithm of f, ¢ (-); write it as £ (x;; 0) where x; = (y;, 2;).

¢ (yi, 2;0) = log frc (215" (41, 2::0);0) ={(w;0)



Maximum (Likelihood) Estimation (2/3)

® This complies as follows with the definition of M-Estimator.

= lim — S E[¢(z;
00 = argen(aaaxNgnoo Z (xi;0)]

® This holds since for ¢ = 1,..., N one can maintain that:

fz (zi;0) }
Jz (x5 80)
fa (wi§ 9) :|
Jz (x5 80)
fz (Xi;0)
x fz (Xi;00)

E[£(z:;0)] — E[¢ (x:; 00)] = E [1og
<logE [

= log fm (XZ‘; 90) dXZ'
=0

per an application of Jensen’s inequality in the second line;
X is here the joint support of x; = (y;, z;)-



Maximum (Likelihood) Estimation (3/3)

It follows that E[¢(x;;00)] > E[¢(x;;0)] fori =1,...,N:

this shows the argued compliance with M-Estimators.

A variant of such an approach is to specify the conditional
distribution of the unobserved factors €; only, while taking
the realizations y; of the exogenous variables as given.

The criterion function would then be as follows.
q(yi,2i;0) =log fr ¢ (8;1 (yi, zis 9)‘ zi)

This is referred as: Conditional Maximum Likelihood
Estimation (CMLE).

Due to its flexibility, CMLE is prevalent in econometrics —
as the next example helps clarify.



Example: MLE and linear regression (1/4)

e Consider a linear regression model like y; = x;fB + &;.

Suppose that the error term is homoscedastic, independent
across observations and normally distributed:

e~N (0, 0'21)

2

where 0° is an unknown parameter of the model.

Also assume that the right-hand side variables x; are fixed
(non-stochastic): one specific realization x; occurs always.

The probability density function of g; is then as follows.
f- (218, 0*) = £ (v — xT'B| B, 0?)
2
1 (yz = fﬂ)

- PN T2

V2o




Example: MLE and linear regression (2/4)

® The likelihood function for the parameters 0 = (B; 0?) is:

N

L <6| {yiaxi}f\;1> = H \/ﬁ exp

i=1

_< 1
-~ \ 2702

N
2
) ew

(yi - XiTB)Q

202

Zf\il (yi - X;FB)2

202

e .. and the log-likelihood function is as follows.

log L (9] {yi,xi}ﬁil) = —g (10g27r + log 02)

Zij\il (2/1 - Xz‘TB)2

202

® Both functions have a unique maximum.



Example: MLE and linear regression (3/4)

® The First Order Conditions are:

og (0] {yi,xi} ) =
B Y xi (yi - X;FB) o ? B
R [—%2+5z£i1 (yi—x;fﬁ)%‘*] -°

e . .and the ML estimator @MLE = (EMLE;G?MLE) is:

R N -1 N
Byvre = (Z X¢X¢T> > xiyi
i=1

=1

. 2
N T

9 Z¢:1 (yi —X; BMLE)

OpmMLE = N

e ...and it is shown to satisfy the Second Order Conditions
for a maximum.



Example: MLE and linear regression (4/4)

The ML estimator for 3 is identical to OLS, while the ML
estimator for 02 is smaller than the unbiased estimator G2
from the small sample analysis of OLS.

The latter is larger by a factor %: hence 63,; ;; is more
efficient even if biased.

Suppose that x; is not fixed; only assume that conditional
on any realization x;, the error term is normal and that it
has constant variance: &;|x; ~ N (0, 02).

As g; = y; — x; B, the following conditional density applies.

! (s —xTB)’
lew (?Ji|Xi; B, 02) = \/ﬁexp —T‘;

Hence, the more flexible CMLE has the same solution as in
the unrealistic “fixed regressors” case!



Consistency of M-Estimators (1/5)

® [t is necessary to study the asymptotics of M-Estimators.

® To prove consistency, one must show that the maximizer of
the sample average criterion converges in probability to the
maximizer of the population expected criterion.

~ ~ » B
O = Igleaé{ QN (e) — Ienea(z)( Qo (6) =0

e Intuitively, pointwise convergence of On (8) to Qp (0) —
for all @ € ® — is necessary.

1 N
Nz{q (xi;0) — E [q (4 9)}}‘ 20
=1

® However, it is not sufficient — unlike the stronger uniform
convergence condition.

sup
0c®

Z{q x;;0) —E[q (wiQB)]}‘ 50



Consistency of M-Estimators (2/5)

e Uniform convergence requires in fact that Qy (0) converges
in probability towards Qp () “at the same speed” over the
entire parameter space ©.

® The intuition is graphically represented in the figure below:
On (0) €[Q0(0) —€,Qp(0) +¢] for any e > 0 and VO € @
(Qn always stays within a “sleeve” of Q (0)).

QO) -y — Q0(0)
--- Qo (6) *e




Consistency of M-Estimators (3/5)
Uniform convergence is ensured if these four conditions hold:
i. q(x;;0) is continuous;
7. ® is a compact set;

iti. El|lq(x;;0)]] < oo: that is, ¢(x;;0) has a bounded first
absolute moment;

iv. q(x;;0) is Borel-measureable on its support.

These conditions — together — allow to invoke a result known as
Uniform Weak Law of Large Numbers, which then implies
uniform convergence.

These conditions are technical; note that . and . relate to the
fact that M-Estimators are maxima; furthermore #ii. and iv. are
analogous to conditions from other Laws of Large Numbers.

The full-fledged proof by Newey and McFadden (1994) follows.



Consistency of M-Estimators (4/5)

Theorem 2

Consistency of M-Estimators. If i. Qg (0) is uniquely mazimized
at 09, ii. ® is a compact set, iii. Qo (0) is a continuous function, and
. On (0) uniformly converges in probability to Qo (0), it follows that
M-FEstimators are consistent.

Proof.
For any e > 0, with probability approaching 1 (w.p.a. 1);

by i.: On (§M)> Qn (80) — % (a)
by iv.: Qo (é\M) > QN <6M> - % (b)
by v O (8o) > Qo(80) - (c)

which allows to show that w.p.a. 1, Qg (éM) > Qo (0g) —e.

(Continues. . .)



Consistency of M-Estimators (5/5)

Theorem 2
Proof.

(Continued.) Such a property is shown via a chain of inequalities.

~ (b) ~ /~ (a) ~ 2¢ (c)
Qo (GM) > QN (GM) - % > Qn (09) — ?6 > Qo (0g) — €

Now, denote by U any given open neighborhood of 8y and by U¢ its
complement in @. Also define,

Qo (8")= sup Qo (0)

0cO®NU*

for some 0%, and notice that Qg (0*) < Qg (0¢) by 7.-#.-iii.: thus, by
setting € = Qg (0g) — Qo (0*) it follows that:

Qo (61\/1) > Qy(0g) —e= Qo (61\1) > Qy(0%)

implying éM € U for any open neighborhood U, and so éM 50 O



Asymptotic normality of M-Estimators (1/5)
The next step is the analysis of M-Estimators’ limiting distribution.
Theorem 3
Asymptotic Normality of M-Estimators. A given M-Estimator

O follows an asymptotically normal distribution if the following five
conditions hold simultaneously:

1. Opr is a consistent estimator of O¢;

it. q(xi;0) is a concave and twice continuously differentiable func-
tion in an open neighborhood of ©¢;

iii. % Elg(x;;0)] =E [%q (z;;0)]: the derivative can pass through
the expectation integral;

w. the data meet the requirements for the application of a Central
Limit Theorem (the data are “well behaved”);

v. the Hessian matriz is nonsingular, it is continuous in © and it
has a bounded absolute first moment.

(Continues. . .)



Asymptotic normality of M-Estimators (2/5)

Theorem 3
(Continued.) The limiting distribution is:

\/N@M - 90) SN (0,Q5"70Q5 ")

where Qo and Yo are defined as the following probability limits:

, 1
]\}LrgoVar \F 51S2 :Ez,eo)] _>T0
1 N
i, 2 EH: (@ 80)] 5 Qo

which implies the following asymptotic distribution, for a fixed N.

. 1 -
Oy AN (907NQ01T0Q01>



Asymptotic normality of M-Estimators (3/5)

Theorem 3
Proof.

The derivation is analogous to those given in Lecture 6. By the mean
value theorem:

S; (Xi; aM) =s; (x4;00) + H; (Xi; 6N) (6M - 90)

where 5N is some convex combination of é\M and 0g. Summing over
the N observations and dividing by v N, one gets:

1 Y .
= ﬁzsz (Xi§eM>
Zsl (x::00) + %ZH (xz,eN)l VN (81 - 80)

by recalling that the sample score evaluated at the solution is equal to
zero by definition of M-Estimators. (Continues...)




Asymptotic normality of M-Estimators (4/5)

Theorem 3
Proof.

(Continued.) The expression above can be rewritten as:

R X N -1 | X
VN <9M - 90) =- lN > H; (Xi§ GN)‘| TN > si(xi;00)
i—1 i=1

as condition v. lets invert the average Hessian matrix. Consider that:

1. By i. and v. one can apply some suitable Law of Large Numbers
to the “sample-averaged” Hessian matrix, showing that:

! NH 0y) 2
N; i(Xz‘, N>_>QO

which follows from the Continuous Mapping Theorem given that,
at the same time, 6 = 6¢. (Continues. ..)



Asymptotic normality of M-Estimators (5/5)

Theorem 3

Proof.
(Continued.)

99Q(80)

2. condition 7. yields 2290 = limy_,oo £ SN E[s; (xi580)] = 0,

thus:
1 N
N Zsi (Xi; 90) £> 0
i=1

so by condition v. and the Continuous Mapping Theorem, it is as
follows.

1 N
ﬁ Z S; (Xz‘§ 90) i N (07 T0)
i=1

All the intermediate results are — as usual — recombined via Slutskij’s
Theorem and the Cramér-Wold Device to show the desired result. [



Inference for M-Estimators (1/2)

® To perform inference on M-Estimators, Yy and Qg must be
estimated: as usual, the analogy principle is applied here.

® The “bread” matrix Qg is estimated easily.
N

> H; (Xz'; §M) 5 Qo

i=1

~

1
QNEN

e With the “meat” matrix Yy, distributional assumptions on

the sample matter. If the observations are independent but
possibly not identically distributed, it is:

Yo = lim —ZE{SZ x;;00)s (%,90)}

N—oo N

with Yo =E {SZ (xi;00) st (x4, 90)} in the i.i.d. case.



Inference for M-Estimators (2/2)

e With independent observations Y is estimated as follows.

N

> 1 T P,

YTy = N ;Sz (Xz, GM) (X“ GM) = Yo

® Dependent observations complicate matters. The HAC case
is feasible, but often complicated. The CCE case yields:

C Nc N

?CCE = Z Z Z Sic (cha 9M) Sjc (X]c, eM) — Yo

c 1i=1j=1

where both observations and scores are also indexed by the
group or cluster ¢ = 1,...,C they belong to.

e Tor a suitable estimator Y N> Y, the variance-covariance
matrix of M-Estimators is ultimately estimated as follows.

Avar (éM) — %Q;&YNQ;}



Examples: Asymptotics of OLS and NLLS (1/3)

e This analysis is reconciled with that about OLS (Lecture 8)
by noting that there consistency follows from E [g;| ;] = 0,
and that in that case it is Yo = 45y and Q¢ = —2Kj.

® To discuss NNLS, it is useful to define a K x 1 vector: that
is, the derivative of the CEF evaluated at x; and at On715.

0

h; =~ o) (Xz, eNLLS)
® Recall that by construction, NLLS sets the average score at

zero for every value of N.
1 X .
0= N Zsi (yz’,Xi; eNLLS) Zthﬁz -0
i=1 =1

® Refer to it as the “condition about the probability limit of
the score.”



Examples: Asymptotics of OLS and NLLS (2/3)
® Also recall the CEF motivation of NLLS.
E [€1| :cl} =E [yz| 331] —h ($i; 90) =0

® The immediate implication of such a CEF condition is that:

1 d 1 &
Jn 7 328 | (gm0 ) ] = Jim 3 el
=0

which can be reconciled with the above condition about the
probability limit of the score if h; B Ry, for i = 1,...,N as
per some applicable Law of Large Numbers.

® The Continuous Mapping Theorem finally implies that:
OnrLs 2 09

that is, the NLLS estimator is indeed consistent.



Examples: Asymptotics of OLS and NLLS (3/3)

® Regarding the asymptotic distribution, note that under the
hypothesis of independent observations the following holds.

N T
Qo= Jim 322 E [hoih

N
1 1 2 T
Yo = lim ; 4-E |?hohd)]
® Therefore, the residual e; = y; — h (xi; 0 NL LS) delivers:
o N 1Yy N 77t
Avar (Onirs) = lz hihiT] [Z e?hih;r] lz hihiT]
i=1 i=1 i=1
the heteroscedasticity-consistent estimator of the NLLS
variance-covariance, akin to the OLS “robust” formula.

® The homoscedastic, CCE and HAC versions are akin too.



The Trinity of Asymptotic Tests

After estimating an econometric model, a researcher is typically
interested into performing some tests of hypothesis; these are
possibly non-linear:

Ho:’v(eo):O lev(eo)#o

where v (+), a vector-valued function, has length L (for multiple
hypotheses).

There are three alternative methods to perform such tests; they
are known together as the “Trinity.”

1. Generalized Wald Statistics.
2. Distance, or Likelihood Ratio test.

3. Score — or Lagrange multiplier — test.

These methods are briefly review under the unifying framework
of M-Estimation.



The Generalized Wald Statistics (1/2)

The generalized Wald Statistics is:

Way =t (8] V- B (8) 7] o (611

~ 4
Wh, = X1

that is, under the null hypothesis Hg the test statistic has a
limiting x% distribution with L degrees of freedom.

To gain intuition recall the Wald Statistic from the linear model
(where v () = R — ¢ = 0 is some linear function). There, the
Wald Statistic is a special case of Hotelling’s t-squared statistic,
which is asymptotically chi-squared distributed. This non-linear
case is analogously derived by exploiting the Delta Method.



The Generalized Wald Statistics (2/2)

Example. Suppose that interest lies in one specific hypothesis
about the linear model:

K K
Ho: > Br=1 Hi: > Br#l
k=1 k=1

like say the hypothesis of constant return to scale in production
functions (with the constant parameter being f3¢). In this case:

K 5 2
W (Zk:l BroLs — 1) P
Ho — K K =~ — Xl
D k=1 2_g=1 Opkq
where the kg-th element of the estimated variance-covariance of
the OLS estimates is denoted as Oppg.

The Wald Test is very easy to implement but it suffers from two
issues. First, it performs poorly in small samples; and second, it
is not transformation-invariant — for example, different statistics
are calculated whether Hy : B = 0 or Hp : exp (Bx) = 1.



The Distance, or Likelihood Ratio test (1/2)

The “Distance Test” or “Likelihood Ratio Test,”originates with
MLE. With respect to the simpler Generalized Wald Test, it is
transformation-invariant and deals non-linear hypotheses quite
well. However, it is more computationally demanding.

In fact, to perform it one must compute the main estimate of ©
as well as an additional “restricted” estimate

0y = argmax Oy (0)
0cOy

with a “restricted parameter space” @y = {0 € ® : v (0) = 0}.
Then, the “Distance” Statistic in all cases but MLE is:
Dy, =N [QN (éM) — Oy (év)} 43
while:
LRy, = 2 [log @N (@M) —log @N (év)} i> X%

o~

is the “Likelihood Ratio” from MLE, where Qy (0) = Ly (0).



The Distance, or Likelihood Ratio test (2/2)

Intuitively, the test compares the advantage in terms of fitting
when letting the model be estimated without the restriction.

Example. Expanding on the toy test that used the Generalized
Wald Statistic, one can estimate a “restricted” model, such as:

Yi=Bo+ B1X1i + PaXoi + ...
K—1

+Pr-1X(K-1)i t <1 -y Bk) Xri+ €

k=1
which can also be written, for X = X — Xk (k=1,...,K):
Vi — Xgi = Bo+ B1Xui + BoXoi + 4+ Br1 X (1) + &
restricting g or possibly another coefficient (except o). Thus:

N L2 X ~
Dy, = [Z (yi — TR — >"<¢T[5V) - (yi - X?Bow)

i=1 =1

2l q
52

is the Distance Test, and [?’»V are the “restricted” estimates.



The score, or Lagrange multiplier, test (1/2)

This last test has the same advantages as the previous one, but
it does not require the “unrestricted” model to be estimated: it
is computationally more parsimonious. The test is based on the
properties of the sample average score function evaluated at one
specific parameter value 0, implied by the null hypothesis.

By construction, in all M-Estimators the average score is always
equal to zero when evaluated at the unrestricted estimate 0 ;.

1 & ~
sti (Xi;eM) =0
i=1
Consider a restricted parameter value 6y such that v (6y) = 0.

It follows that:
— Z Isi (xi;0v)] >0

the K-dimensional Sample score vector deviates from zero when
evaluated at any “suboptimal” parameter choice.



The score, or Lagrange multiplier, test. (2/2)
The Lagrange Multiplier statistic is:

N T N
LMy, = N [Z s; (x4 Gv)] ! [Z s; (xi;0
i=1 i=1

where:

d 2
— XK

?V—Avar[ ZSZ X;; v].

It indicates how “statistically relevant” are the deviations of the
restricted score from the zero benchmark.

Example. Return again to the running examples: consider the
“restricted” estimates Py obtained by forcing all key coefficients
to sum up to one. The Lagrange Multiplier Statistic is:

N Tr Ny N
LMy, — [z e w] [z 2 (Bv) xix?] [z mv)]
=1 1=1 =1

with LMy, Y X%, given the new residuals ¢; (By) = i — X, Bv-



The Maximum Likelihood special case

® As seen in Lectures 5 and 6, with MLE if the data are i.i.d.
the Information Matrix Equality applies.

Yo=-Qo
® Hence, the asymptotic distribution is:
Onrre ~ N (907 [N (90)]_1)
where I (0¢) is the information matrix.

¢ [mportantly, the information matrix hits the Cramér-Rao
bound, making MLE the most efficient estimator under its
distributional assumptions.

® The information matrix can be estimated either by Yy or
via —Qp; the former approach is called outer product of
the gradients, typically more computationally convenient.



Example: MLE linear regression expanded (1/2)

® Return to the MLE framework for linear regression. There,
the score is as follows.

oy | xi(moxiB) o
i (i, %i;0) = +%( B)

® The (symmetric) Hessian matrix is instead as follows.

H; (yi,xi;0) =

T2 T —4
—XiX; O —X; (yl - X; B) o
2

o) o (-8

e By plugging the MLE estimators By and 03,; ¢ into the
above expressions one can construct consistent estimators
for the information matrix.



Example: MLE linear regression expanded (2/2)
® The estimator based on the Hessian is as follows.
A1 N
QTN = [Z H; (yz',Xi; eMLE)‘|
i=1

= _ [(Zf\; XiX;F>_1 6-?\/ILE 0 ]

-1

T 2 ~4
0 NOMLE
® The next is based on the outer product of the gradients.

e al 5 0 R
TN _ [Z ; (yi7xi; 9MLE) st (yi,Xi; eMLE)]
i—1

—1 R
_ [(vaﬂ%ng) 6Yrp 0 ]
0 2

~4

NOMLE

® Note the different sign, the zero vectors at the border, and
the bottom-right element for the variance of 63,; 5.



Quasi-Maximum Likelihood (1/2)

® The nice properties of MLE break apart when one deviates
from the i.i.d. benchmark. For example, in case of clustered
dependence the likelihood function reads:

C
L (e| X1yen- aXN) - H fwl,...,ch (X].Cv <oy XNecs e)
c=1
but it cannot be factorized further. Hence, the Information
Matrix Equality no longer holds and Y ccr must be used.

® Things are even worse when MLE is built around incorrect
distributional assumptions (even if the data are i.i.d.).

® In misspecification cases, the estimator in question is called
Quasi-Maximum Likelihood Estimator O¢g\/.r and it
has a probability limit called pseudo-true value 0*.

éQMLE = argmax£(9|x1, ce ,XN) £> 0
0c®



Quasi-Maximum Likelihood (2/2)

® A key question is: when is the Quasi-Maximum Likelihood
Estimator (QMLE) consistent, that is 0* = 0¢?

® [n the MLE linear regression example, B/ g is consistent
under a linear CEF even if the errors are not normal!

e If the assumed distribution is fy 4 (yi,X;; 0) for some scalar
endogenous variable Y;, and it belongs to the exponential
macro-family — it can be decomposed in terms of primitive
scalar functions a[], b[-] and ¢|[] as:

fraz (yi,xi;0) =
= exp {a iy (xi:0)| + 0[] + ¢ [y (x::0)] i |

where: 1y, (4 0) = E[Y;|x;; 0] is a correctly specified
parametric expression of the CEF of Y; given x;, in general
(Q)MLE consistently estimates the function py |4 (2; 0).



Example: Poisson regression (1/4)

® A count data model is a model for explaining variables Y;
that assume non-negative integer values ¥; = 0,1,2,... only
and where smaller values occur more frequently.

® An example is the Poisson regression, that is:

A ()" exp (=A; (7))

P(Y;|z;) = Vi

where the Poisson parameter A; (x;) is treated as a function
of the individual characteristics x;.

® By the properties of the Poisson distribution:
i () = E[Yi] ;] = Var [Yi] @]

that is, A; (x;) equals both the conditional mean and the
conditional variance of Y; given x;.



Example: Poisson regression (2/4)

® The most common choice is A; (;) = exp (m;FBO), yielding:

exp (Yz -} [30) exp [— exp (-’riTBo)}

P (Vi| ) = -
® . an implication of which is:
dexp (x] Bo
(19 o
OE[Yi|x] 1

= b= B[

hence, 39 can be interpreted as a semi-elasticiy like in a
log-lin model that can be estimated via OLS.

® Unlike a log-lin model the Poisson regression allows Y; = 0,
which can be often useful or convenient!



Example: Poisson regression (3/4)

® The log-likelihood function, given a sample {(yz,xz)}f\i 11
writes as follows for this model.

s (Bt x)}) =
—Z{yz xTB — exp( B)—logyz‘!}

® The First Order Conditions of the MLE problem, expressed
as the sum of the individual scores, consequently are:

isi (yi,Xi; BMLE) = ixi [yz — exp (X;FBMLE)} =0
=1 =1

e . .and they lack a closed form solution; therefore, the MLE
estimator must be obtained by numerical methods.



Example: Poisson regression (4/4)

® The empirical Hessian matrix is:

N 1 XN .
Qv =% > H; (%,Xi; ﬁMLE)

i=1
1Y .
= _N ZQXP (XZ‘TBMLE> 'XiXiT
i=1

the opposite of which — if divided by N — is an appropriate
estimator of the information matrix.

® The Poisson distribution belongs to the exponential family:
therefore, even if the likelihood is misspecified, the CEF of
Y; given «x; is consistently estimated if it is well specified.

e With the “exponential” specification for A; (@;) this implies
that the MLE is interpretable in terms of semi-elasticities.



Quasi-Maximum Likelihood: more remarks (1/3)

® The Poisson regression is an extreme case where QMLE is
safe, whereas in the linear model 63,;  has little meaning
without the normality assumption.

® This bears implications for inference. In general:
VN (8gurre —0%) SN (0,[Q]" 1 [Q])

where Q* and Y* are analogues of Qg and Y respectively,
but evaluated at 0* instead of 0.

® [t is thus safer to conduct inference using the “sandwiched”
formula of M-Estimation — the extensive one!

e What if QMLE is actually inconsistent: 8* £ 0?7 Not all is
lost: QMLE can still be given an interpretation in terms of
“best approximation,” like OLS with a non-linear CEF.



Quasi-Maximum Likelihood: more remarks (2/3)

® To see this, consider the Kullback-Leibler Information
Criterion (KLIC).

K. (0) =E, [1og (“";w(éﬁ’,‘j,ﬂ’,ﬁﬁeeof)] -

9z (X1,...,%XN;00)
= /1 e (X1,...,%Xn;00)dx...d
/Xog(f:c (Xl,---,XN;e))g (a xni Bo) d ... dew

® Here, fg (-) is the assumed joint mass or density function
that is thought to generate the data.

® Instead g, () is the true function, which is taken as given;
the expectation is taken with respect to g (-).

® Note that by construction, Iz (6) > 0 for all © € ©.

e If the distribution is correctly specified, it is fz (-) = g= (*),
and Kz (09) = 0: the KLIC would attain its minimum.



Quasi-Maximum Likelihood: more remarks (3/3)
¢ In addition:

IC:I: (e) :Eg [loggw (wlv .oy LN, 60) - logfa: (wlv .oy LN, e)]
=E, [log g (z1,...,2N;00)] — log LI (0] x1,...,xN)
where log £ (0| x1,...,xy) is here a pseudo-population

likelihood that results if the assumed distribution is fz (-),
but the true one is g, (+).

® So, under general assumptions:
OQMmLE B oo* = réleaglogﬁg (0]x1,...,XN) = géi({)llcw (0)

the pseudo-true value 0*, to which the QMLE converges in
probability, is both the maximizer of the pseudo-population
likelihood and the minimizer of the KLIC!

® Trying to “augment” an MLE model, however misspecified,
aids this KLIC-motivated “approximation” interpretation.



Introduction to Binary Outcome Models (1/4)

A subclass of econometric models is characterized by a limited
dependent variable (LDV): Y] has a discrete, finite support.

Many questions in economics revolve in fact around a binary
dependent variable: Y; € {0,1}. Here are some examples.

® What are the determinants of enrollment in college?
® Which factors influence a firm’s probability of default?

® What are the causes of civil wars in a country?

Other LDV models take multiple outcomes.
® What means of transportations do individuals choose?
¢ What determines a country’s political regime?
® What type of insurance contract is preferred by people?

® Which individual characteristics predict survey responses?



Introduction to Binary Outcome Models (2/4)

It is useful to overview models for binary outcomes Y; € {0,1}
so as to appreciate the usefulness of MLE in this setting.

e If one treats Y; as random (Bernoulli) event, it is natural to
think about its realization probability as conditional upon
some observable variables x;:

P(Y; =1]z;) = G (2, Bo)
]P)()/z = 0|£Bl) =1- G(wl,ﬁo)
where G (-) is some function of x; parametrized by B.
® As the problem is binary, the probability of either outcome

can be treated residually with respect to the other’s. Also,
one can write the CEF of Y; given x; as follows.

E[Yi|x;] = 1-[G (x;,B0)] +0-[1 — G (x4, Bo)]
=G (x4, Bo)



Introduction to Binary Outcome Models (3/4)

® Can such a model be estimated via linear regression? This
is called the linear probability model (LPM):

yi = %; Bo+ e, yi € {0,1}

which is equivalent to assuming G (x;, Bo) = x; Bo-

® By definition of regression: ¢, = Y; —E[Y;| z;] =Y; — a:iT[So;
this has a “natural heteroscedasticity” implication.

P (Ei =1- w?f’o‘ wz) = Bo
P (e = —alBo| i) =127 By
A consequent implication is:
Ele|2] = (1-2]Bo) @] Bo — 2 Bo (1 - 2 Bo) = 0

hence, OLS still delivers unbiased and consistent estimates
of B¢ even if the problem is naturally heteroscedastic.



Introduction to Binary Outcome Models (4/4)

“Natural heteroscedasticity” is no issue for the LPM: it can be
addressed via “robust” estimation, or FGLS in small samples.

The main issue is that the linear conditional expectation a:;fﬁo
cannot be constrained to lie within the (0, 1) interval. Hence:

1. the conditional variance of the error term ¢; takes negative
values;

Var [¢;] 2;] = z; Bo (1 - x?ﬁo) Z0

2. the predicted probabilities E [Yilx; =x;] = X;PBLPM =7
take values outside the [0, 1] interval.

Both facts that make no probabilistic sense and call for more
parametric models estimated by MLE. Yet, the LPM is however
used especially when interest falls on transparent causal effects
of x; on Yj;, as it is easier to implement.



MLE for Binary Outcome Models (1/8)

All MLE approaches to binary outcome models are based on an
assumption of the kind that, for each realization x; of x;:

G (xi, Bo) = Fo (x!'Bo) = Fu (A)

where Fy (-) is some probability distribution function with
one “free” parameter (usually a location parameter) A; = x; Bo.

Most applications use a symmetric distribution function, so
that ' (A\;) =1 — F (—A;). This solves the problem of predicted
probabilities, since conditionally on any realization x;:

lim P(Y;=1lx;)= lim F, (X;Fﬁo) =1

xTBo—r+00 x] Bo—+oo
lim P(Y;=1lx;)= lim F, (X;FBO) =0
xiTﬁoﬁfoo X?ﬁoﬁfoo

and symmetrically for Y; = 0.



MLE for Binary Outcome Models (2/8)

Another advantage is a model of this sort can be based upon a
structural interpretation about “choices.” Specifically, write:

vi =x; Bo+ei

1 ifyf > o
Yi = ok

0 ifyr <o

where Y;* is a latent variable that represents the cost-benefit
evaluation of the binary choice by the i-th individual.

® The latent variable Y;* is unobserved, and it is a theoretical
abstraction used for interpretation’s sake (like “utility”).

In such a model, conditionally on any realization x;:
P(Y; =1x;) =P (Y] > oo x;) =P (51' > —x, Bo + Oéo‘Xz)

and intuitively, if x; contains a constant element the associated
“intercept” parameter and o are not separately identified. The
normalization oy = 0 is thus typically imposed.



MLE for Binary Outcome Models (3/8)
If F, () is a symmetric distribution, the model reshapes as:
P(Y; = 1|xi) =P (Y] > 0] x;)
=P (€z‘ > —XiTﬁo‘ Xi)
=1-P (5i < —Xin’o’Xi>
=P (5i < X;FBO‘ Xi)
= Fy (x/Bo)

where the fourth line exploits the symmetry of Fg (-). This fact
reconciles the latent variable model with the specification of the
conditional probability for the outcome Y;.

® Latent variable models are not specific of binary outcomes:
multinomial LDV models are usually motivated by complex
variations of this approach. Latent variable models are also
used in the structural analysis of empirical strategic games.



MLE for Binary Outcome Models (4/8)

Note that the distribution F (-) should not contain a variable
scale parameter; if it is say normal, its variance must be known
or normalized, e.g. 02 = 1); or else the K parameters in B¢ and
the scale parameter would not be separately identified.

To see intuitively why consider the case where ap = 0 and Fy, ()
features a scale parameter o. Here, the two equations:

yfzx;rf50+€i

oy; =0 (Xz‘TBO + 61;)
are observationally equivalent: Fy (X;F[30> =F, (cr . xiT[SO).

Intuitively, one can only observe whether Y;* lies above (Y; = 1)
or below (Y; = 0) the implied threshold, and not its variation as
a function of the variation of x;. For a similar reason o could be
identified if both oo = 0 and x; do not include a constant term.



MLE for Binary Outcome Models (5/8)

In light of all these considerations it is easier to characterize the
MLE problem for binary outcome models.

Given a symmetric probability distribution Fy () and a sample
{(yi, XZ)}Z\L 1, the likelihood function is expressed as:

N ; 1—y;
£ (B x4 ) =TT [Fe (<78)]" [1 - B (x78))]

1=

which generalizes the likelihood function for a Bernoulli sample.
The corresponding log-likelihood function is as follows.
log £ (Bl {(y:,x:)}L, ) =

= f: {yl log Fy, (X;Ff-)’) + (1 —yi) log [1 — I (X?BH}
i=1



MLE for Binary Outcome Models (6/8)

The First Order Conditions are:
5 108 (Basse] {0}, ) = > s

N Yifa (X;FBMLE) (1 —yi) fo X;FBMLE)

iy X453 BMLE) =

Fy (X;FBMLE> - 1-F, (X?BMLE> =0

where fg (xiT[S) is the probability density function associated
with the — implicitly continuous — distribution F (X;FB)

® Like in the Poisson model, there is no closed form solution
and the estimator must be calculated numerically.

® The variance-covariance is more conveniently estimated via
the outer product of the gradients.



MLE for Binary Outcome Models (7/8)
The most common choices for F, (-) are:

® the probit model, where Fj, (xiTBo) = (x;FBO) and @ ()
is a cumulative standard normal distribution:

x} Bo 1 +2

® the logit model, where Fy (X;rﬁo) =A (X;Fﬁ()) and A (+) is
a scale-normalized cumulative logistic distribution.

T
P(Y;=1x;) =4 (XiTBU) 1 TSXE)XEX?FOﬁ)O)

The two models typically yield quite similar results; of the two,
the logit is often more convenient to manipulate and compute.



MLE for Binary Outcome Models (8/8)

® How to interpret the estimates [§ MLE in a binary outcome
model? Not in terms of causal effects, or probabilities.

® They must interpreted in terms of marginal effects:

OP (Y, =1|x;) OE[Yi|x)] OFs(x{B
(8Xi ‘X): gXJX]: (9(Xi >:fm<X;rB)B

which, however, vary as a function of the realizations x;.

® There are two asymptotically equivalent ways to derive
marginal effects that aid the interpretation of the estimates.
® [n one approach one evaluates f, (x?ﬁ) B at [3 MmLE and at

X=X= % Zi]\il x;, the average values of x; in the data.

® In the other, one evaluates fg (x?ﬁ) B at [§ MmLE and at x;
for i = 1,..., N; the resulting quantities are averaged out.



Introduction to Simulated Maximum Estimation

® Sometimes, the numerical evaluation of the M-Estimation
criterion function ¢ (x;; ©) is so complicated that practical
applications of the theory discussed thus far is unfeasible.

® In such cases, the typical solutions are estimators based on
simulation methods that help circumvent the problem.

® The leading techniques based on simulations lie in the MLE
domain, and are especially applied in some of LDV models.

® [n econometrics this applies especially but not exclusively to
models of Industrial Organization, and related ones.

® For convenience, the overview that follows next starts from
simulation-based estimators that extend MLE.

® It then moves to general simulation-based M-Estimators.



Unsolvable criterion functions

® Suppose that the probability mass or density function of all
observable variables x; is expressed given the parameters 6
as follows.

fo (xi] 0) = /U Fafu (i s 0) dH,, (u;)

® Here, u; is a random vector with cumulative distribution
H, (u;). In the above expression, wu; is integrated out over
its support U.

® Consider the case where there is no closed form solution
for the above integral, even if by itself the conditional mass
or density function f,, (%;|u;; 0) is tractable.

e It is obvious that the MLE problem associated to fz (x;|0)
cannot be solved, at least not easily.



Example: Random coefficients logit (1/2)

Consider the following bivariate logit model:
PIY; = 1] X;] = A(Bo + B1:X:)

a LDV with one binary dependent variable Y; € {0,1} and
one possibly continuous independent variable X;.

Note that the parameter 31; is observation specific.

As there are only N observations, one cannot estimate all
the N parameters 31; for i =1,..., N and Po.

Yet there are actual settings where it is important to assess
heterogeneity in the individual response of Y; to X;.

These settings are framed as random coefficients models
— as the logit model expressed above; they are more difficult
to handle in LDV cases than in, say, linear environments.



Example: Random coefficients logit (2/2)

® One could make some distributional assumptions about
the individual coefficients, such as normality.

Bri~ N ([317 02)
® The parameter set of interest is thus 6 = (Bo, B1, 02).

® Define u; = (f1; — B1) /o and recall that ¢ () is the density
function of the standard normal distribution.

® Under these hypotheses the conditional mass function of Y;
is expressed as an integral without closed form solution.

Frax, (wil wi; Bo, B1,0%) =
- /RA [Bo+ (B1 + oug) z]”" -
AL = A[Bo + (Br + oun) 2]} b (wi) dus



Simulation-based likelihood evaluations

¢ How to solve this problem and similar ones? A brute force
approach to the integral is generally impractical.

e Common approaches are based upon the simulation of the
likelihood components fz (x;|0).

® The Direct Monte Carlo Sampling method is based on
a sample {us} _, of S random draws of u; from Hy, (u;) —
these are used to calculate a Monte Carlo estimate:

fw, Xz’e me\u Xz|u3a )

where function fw|u (xi| us; ) is called a subsimulator.

® The subsimulator is typically an unbiased predictor:

E | o (xi| 05 0)] = fo (x| 0)

where the expectation is taken over the support of u;.



Maximum Simulated Likelihood
¢ With an unbiased subsimulator, by standard asymptotics:

fa (xi]8) & fu (xi|0)

that is, the simulator is consistent insofar as S — oc.

® Therefore the Maximum Simulated Likelihood (MSL)
can be easily motivated and constructed as follows.

Onrsr = argng)ax—Zlogfw s (x;]0)
0c

e MSL simulators need to be differentiable with respect to 0.
Example: this is verifiable in the random coefficient logit.

Fvixiv. (vis @il us; Bo, Br, 0°) =
= A[Bo + (Br + oug) z]" {1 — A[Bo + (B1 + ouy) x|}

¢ Elements fcmg (x;]©) are conveniently calculated using the
same draw {us}f:1 fori=1,...,N.



Maximum Simulated Likelihood: Asymptotics

Theorem 4

Asymptotic Efficiency of Maximum Simulated Likelihood.
Suppose that the mass or density function fz (x;|0) that describes the
model’s data generation process meets the requirements of Theorem 18
of Lecture 6, hence the corresponding “theoretical” MLE has a limiting
distribution as per the statement of that Theorem. A SML estimator
based on an unbiased subsimulator is asymptotically equivalent to the
“theoretical” MLE and it has the same limiting distribution:

VN (QSML . eo) LY (o, i1 (eo)rl)

if S,N — oo (which is sufficient for consistency) and vVN/S — 0.

Proof.

(Outline.) Gourieroux and Monfort (1991) develop the standard Taylor
expansion of the First Order Conditions and elaborate how it depends
on two sources of noise: the one coming from the data {xi}ilil and
the one due to the simulation draws {us}fj:l. The latter vanishes

asymptotically if S grows at a rate higher than that of N. O



Asymptotic bias-corrected MSL

® This result, while powerful, requires S to be very large, or
else MSL is inconsistent: the problem arieses as the log of
the subsimulator is not unbiased, even if the level is.

® A second-order Taylor expansion of log fm| 5 (x| ©) around
log fo (x;] 0) suggested by Gourieroux and Monfort (1991):

Var [(f (%] 0) = £ (x| e)ﬂ
2(fe (x[O)

® .. .motivates the asymptotic bias-corrected MSL.

log fz (x| G)Z]E{logfﬂs (] 9)}4—

N

§BCMSL = arg maxz log fm,s (x%:]0)

0cO i—1

|:f~z|u (xi|us; 0) = fa.s (xi 9)}2

>

S as[fstaie)]



Simulated Maximum Estimation

® The analysis further extends to all M-Estimators where the
criterion ¢ (x;; ©) cannot be expressed in closed form.

¢ A Simulated M-Estimator (SM), of which MSL is but a
special case, is defined as:

N

~ 1
Ogy = argmax — » qs (x40
0cO N; (x:;6)

and g (x;;0) = %Zle s (Xi,us; 0) is typically an average
of subsimulators that are written as gs (x;, us; 0); these are
based upon pseudo-random draws of u; like in SML case.

® The SM estimator is consistent if S, N — oo; furthermore
it is as efficient as the paired non-simulated M-Estimator if
VN/S — 0; if S is too small, like in SML a bias correction
may be necessary.



Inference for Simulated Maximum Estimators

® [n SM, a consistent estimator for Yo — if the observations
are independent (extensions to CCE and HAC exist) — is:

YTars = ;ig&, (Xi§ éM) 83 (Xi, §M> 2o,
=1

where Sg; (x;;0) = 78‘]55’3“9).

¢ That for Qg is based on IA{Si (x4;0) = Ssg(g%;e) = 6%‘0’9(5(6%9)~

N
~ 1 N . »
Qn = N ;Hsz (Xi; GM) = Qo
e With i.i.d. data, the MSL information matrix is estimated

as Tars 2 [1(80)] 7", and the score specializes as follows.

afaﬂu (Xi|us§§SJML)

s
Zs:l 00
s 7 A
o1 Jzfu (Xi| us; eSML)

S5 (x4;0) =



Applications of Maximum Estimation: overview

This Lecture is concluded by showcasing three applications of M-
Estimation in actual econometric problems.

The following applications are covered.

1. The Constant Elasticity of Substitution (CES) production
functions, which naturally call for the use of NLLS.

2. Sample selection models: peculiar binary outcome models
with a clear structural, economic interpretation.

3. The Bresnahan model for detecting collusion in a market: a
classical application of MLE in Industrial Organization.



CES production functions and NLLS (1/2)

¢ Constant Elasticity of Substitution (CES) production
functions are key ingredients of many economic models.

® In its simplest form a CES production function writes as:
1
Y; = [OCKKZ' + OCLLi] P&

where Y;, K;, L; are output, capital, labor; while axg > 0
and o7, > 0 are the saliency parameters that determine
the relative importance of each input. Furthermore, ¢; is an
econometric error term.

® Instead, p > 0 is a parameter related to the elasticity of
substitution between inputs, which is clearly a constant
and writes as 0 = (1+p) " € (0,1).

® The CES production function becomes a Cobb-Douglas as
in Lecture 7, with ax = Px and &, = 1, for p — 0.



CES production functions and NLLS (2/2)

® (Clearly, this model must be estimated via NLLS. No closed
form solution exists, and numerical methods must be used.

® A typical estimation algorithm splits the problem as:

(P, &k, &L) NpLg €
N
. 3 l
argmin | argmin Y (yz = [oureki + o li] p)
peR4 + ((XK#XL)ER%q_ 1=1

where (y;, ki, l;) denote observations of (Y;, K;, L;).

® Hence, numerical algorithms feature an inner maximizer of
(ag, o) given a value of p, and an outer mazimizer for p.

¢ Unfortunately, the solution is typically unstable: especially
with more inputs. Hence, practitioners usually prefer linear
approximations or alternative production functions.



The Heckit Sample Selection Model (1/4)

® Labor economists are interested in labor supply choices,
especially those by women (who traditionally participated
less than men in the labor market).
® Consider a labor supply intensity equation such as:
hi =% B+
where h; is the amount of time spent by woman 4 in wage
labor, and x; are her characteristics.
e However, h; is only observed for women who do work:
ZF=wly+
>0 ifzf >0
=0 ifz <0

)

as governed by some latent variable z;, a function of some
set of characteristics w;, with a structural interpretation.



The Heckit Sample Selection Model (2/4)

e Although the binary outcome model for participation can
be estimated (say via MLE) interest falls on the intensity
equation for h;, or other labor market outcomes like wages.

® OLS cannot estimate the intensity equation consistently: if
H; is the random variable whence h; is drawn, it is:
E[H;|x;,h; > 0] = E[H;| x4, 2] > 0]
=x; B+ E[ei|xi,2f > 0]
=x{B+E {a]xi,vi > —wiTy}

and A (w;) = E [52\ v; > —W;IY} # 0 if the two error terms
g; and v; are correlated (which is likely).

® The omitted variable A (w;) thus leads to inconsistency.
For example, wealthy women may be both inclined not to
participate, and to participate with low h; if they do.



The Heckit Sample Selection Model (3/4)

® Heckman (1979) devised a solution to this problem, which
awarded him the Nobel prize in economics.

® His “heckit” model posits a parametric assumption about
the two error terms (e;,v;), like the bivariate normal.

()= (©)-C 7))

where p is the correlation coefficient between ¢; and v;, o
is the variance of ¢;, while the variance of v; is normalized
to 1 like in probit and logit.

2

® The resulting model could be estimated jointly by MLE.

® Yet the full-fledged likelihood function may be complicated
to handle. An alternative two-step procedure, which is also
consistent, is more popular.



The Heckit Sample Selection Model (4/4)

The two-step procedure is as follows.
1. Run a probit on the participation equation; obtain Y y/1.5.

2. For each observation, calculate the inverse Mills ratio:
¢ (W??MLE)
ANi= | g
P (W} YmLE)

where ¢ () and @ (-) are, respectively, the p.d.f. and c.d.f. of
the standard normal distribution.

3. Run OLS on a modified intensity equation:
h; = X;FB + pA; + &5

where p is now also the OLS coefficient for A;.

While consistent, this procedure delivers higher standard errors.



