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Limitations of the Method of Moments

® Many econometric estimators can be seen as special cases of
the Method of Moments.

® The IV estimator, for example, derives from the following
zero moment conditions:

£ (v #760)] =0

where both z; and «; have dimension K (while if z; = x;,
this reduces to OLS). Indeed, solving for B gives:

-1
Bo=E |za]| ElzY]
whose sample analog is precisely the IV estimator.

® The Method of Moments easily handles semi-parametric
models, but it is limited: for example, it does not allow for
overidentified 2SLS (when z; above has dimension J > K).



Generalizing the Method of Moments

¢ To generalize the Method of Moments, posit some J > K
zero moment conditions based on a vector function g (-):

Elg (zi;00)] =0

where x; = (y;, z;) while 8y has dimension K.

® The sample analog of such moment conditions, motivated
by the Analogy Principle, is also a J-dimensional vector.

| N
gn(0) = N Zg(xz‘; 0)
i=1

* A Generalized Method of Moments (GMM) estimator
minimizes a quadratic form Gy (0) as follows:

8cyvr = argmin Gy (0) = argmingy (6) Angy ()
0c@® 0c@®

for any full rank positive semi-definite J x J matrix Ay. It
aims to align the empirical with the theoretical moments.



Characteristics of the GMM problem (1/2)

A few remarks about the GMM estimator are in order.

1. The First Order Conditions of the problem are as follows:

8 _T (A _ N

90 BN (GGMM> AN -8By (GGMM) =0

where the element that precedes Ay is a K x J matrix. In
general, the GMM estimator must be derived numerically.

2. The GMM estimator is an M-Estimator. Define:

Go (0) = lim 721@ g (x;0)]T AgE[g (z:;0)] > 0

N—oco N

for a full rank posmve semi-definite J X J matrix Ag such
that Ay 5 Ag. The objective function Gx (0) converges in
probability to Gy (0) for all 6 € ®:

Gn (0) 2 Go (0)
an M-Estimator for Gy (0) = —On (8), Go (8) = — Qg ().



Characteristics of the GMM problem (2/2)

3. The model is identified if Gy (0) has one local minimum,
which must be equal to the true parameter 0 as Go (0) > 0
for all © € ® and Gy (09) = 0 by construction. By the First
Order Conditions:

. 1 0
A}gnoo N ZE {89 g" (z; 90)} “Ag-Elg(x;;00)] =0

and there is a unique solution if the J x K matrix Go:

1Y d
Go = lim — ;E [aeTg (@ eo)]

has full column rank K, as otherwise many combination of
parameters are equally capable of minimizing Gy (0). With
identically distributed observations, it is as follows.

Go=E

0
E?GiT‘q (x4 90)]



Asymptotics of the GMM estimator (1/4)

Theorem 1
Asymptotic Properties of GMM. A GMM estimator that is based
on some J zero moment conditions, which is identified and also meets
the uniform convergence requirements of M-Estimators from Theorem
2, Lecture 11, is consistent.

0 = min Gy (0) 5 mi ) =0

GuMM = mnin Gn (0) Inin Go (0) 0

If the conditions analogous to those of Theorem 3, Lecture 11 are met,
the GMM estimator is also asymptotically normal, with the following
sandwiched expression for its variance-covariance:

N (0, (GF A0Go) " GT AgR0A0Go (G AoGo) )
where g is the following J x J limiting matriz.

N
1
Q= lim Var |[— E g (xi;00)
VN i

N —o0




Asymptotics of the GMM estimator (2/4)

Theorem 1
Note. Before proceeding with a sketched proof, it is useful to observe
that like in similar cases, when the observations are independent it is:

O_IE}noo—ZE (2::00) " (x:;00)]

=1

and Qg =E [g (24:00) 9T (x;; 90)] in the more specialized i.i.d. case.

Proof.
(Sketched.) By some Weak Law of Large Numbers it must be that:
9 - P
Ty gN (80) = 558N (80) - Ax - Bx (B0) > GoAo - Eg (@i 80)] = 0

since E [g (z;;00)] = 0 by assumption; by the FOCs this implies that
the GMM estimator is consistent:

Gn (gGMM) 26N (60) = B = 8

if the model is identified (G is of full rank). (Continues...)



Asymptotics of the GMM estimator (3/4)

Theorem 1

Proof.
(Continued.) To show asymptotic normality, apply the Mean Value
Theorem directly to the empirical moments; with some manipulation:

VNEy <§GMM> =VNgy (00) + Gn <§N> VN (éGAIM - 90)

where as usual 0y is a convex combination of gy and 0, whereas
Gy (0) is defined as:

1. 9
i=1

analogously to Gg. Plugging the first expression above into the GMM
First Order Conditions delivers the following expression.

Gy (acMM> AN [\/NEN (60) + Gn (61\/) VN (§GMM - 90)} =0

(Continues...)



Asymptotics of the GMM estimator (4/4)

Theorem 1
Proof.

(Continued.) The latter result can be manipulated so as to return
the following equation.

VN (écwa - 90) = - [G% (6GMNI) ANGyN (61\7)} - X

X G% (/e\GMM) AN\/NEN (90)

Given that Gy (§GMM) LN Gy and Gy (éN) LN Gy by consistency
of GMM, if

VN gy (80) 4 N (0,€2)
that is, a Central Limit Theorem can be applied to the data at hand,

all these results can be combined via the Delta Method so as to yield
the result sought after. O



Inference on the GMM estimator

The GMM asymptotic variance-covariance is estimated as:

—

—~ 1 ~ ~ -1 ~ ~ ~ ~ —1
Avar (9(;1\/[1\/1) = N (G%ANGN) G%ANQNANGN (G%ANGN>
.. where G N is a consistent estimator of Gyg:

~

1 X 5 .~
Gy = ﬁ; 7079 (Xi5 eGMM) 2 Gy

.. whereas N, the estimator of €2, depends on the statistical
assumptions; if the observations are independent:

Qy = ;,ig (Xz‘; éGMM) g <Xi§ §GMM) 5
=1

.. while the CCE case is as follows (HAC is also feasible).

C Nc N

Qcorp = z; z; Z:lgzc (ch, GGMM) gj. (ch, 9GMM> = Qo
e=li=1j



Optimal GMM weighting matrix (1/3)

® The asymptotic variance-covariance of QGMM depends on
the weighting matrix Ay that weighs the J moments.

® An important result, originally by Hansen (1982), showed
that the most efficient GMM estimator is the one using
the following optimal weighting matrix.

Ay = ﬁj\fl

® Here ﬁjvl is a matrix that converges in probability to the

inverse of €.
5-1 P o—1_
Qy = Q, =Ay

® Therefore, the limiting distribution of the GMM estimator
becomes much simpler to express.

VN (8car — 89) SN (0, (GOTQOlGO)_1>



Optimal GMM weighting matrix (2/3)

e To prove optimality, study the difference between a generic
limiting variance-covariance and the optimal one:
—1 —1 _ —1
(GiA0Go)  GiAWAG) (GjAGy)  — (G192 'Go) =
= (GTA.Go) ' GTAN; - Mg, - Q2 AoGo (GTALGy) ™
where matrix Méo is symmetric and idempotent:

~ ~7~\"!xT ~ _1
Méo =1-Gy (GO Go) Gy where Gy = Q0 * Go.
® Thus, the above difference is a semi-definite positive matrix

whatever Ay is.

¢ Intuitively, the larger the variance (uncertainty) of a single
moment condition, the smaller its contribution to Gy (0).

¢ Simplifying “sandwich” expressions this way typically leads
to more efficient variance-covariances, like in the analysis of
GLS in the case of the linear model for small samples.



Optimal GMM weighting matrix (3/3)

Theorem 2

Semi-Parametric Efficiency Bound of GMM. Under its motiva-
ting moment conditions, the GMM estimator that obtains through the
optimal weighting matriz Qal hits the efficiency bound which applies
to the class of all semi-parametric estimators of 0g.

Proof.
(Outline.) The argument proceeds as follows. Let the data {xi}ivzl be
drawn from a discrete support of dimension D; Xp = {x1,X2,---,XD}

— where xg4 for d =1,..., D is a given point in the support. Under the
moment conditions, it follows that:

Elg (@:;00)] DZg (xa; 00) pa = 0
d=1
where pg is the probability attached to the d-th element of Xp. Thus,
estimating 0y by optimal GMM is equivalent to solving a parametric
maximum likelihood problem: the Cramér-Rao bound is binding here.
Furthemore, it can be shown that the result approximately holds even
when the data have a continuous support. ]



Two-step GMM estimation

This result, originally by Chamberlain (1987) is very powerful.
It motivates a widespread use of GMM and its special cases; yet
it is silent on how to estimate GMM if g is ex ante unknown.

To address this, Hansen (1982) proposed a two-step procedure.

1. Derive a first step estimate él with some arbitrary Ay like
the identity matrix. The resulting estimate ©; is consistent
but inefficient; yet it affords a consistent estimator for €.

= L3 [o (xi01) g7 (x:01)] % 2

2. Obtain a second step, final GMM estimate éGMM = 62 by
minimizing function Gy (8) = g (0) Qy'En (0).

Ultimately, the variance-covariance is estimated as follows.

i (Baun) = % (€107°6y)



Alternative GMM estimation procedures

Hansen’s two-step procedure is popular, but is biased in small
samples. Consequently, sometimes the second step is repeated:
y is re-estimated using 62. Often, two alternative approaches
are used, although they are typically computationally intensive.

® Jterated GMM estimation: with this method, Hansen’s
procedure is repeated many times, each time re-estimating
g, until yet another iteration makes little difference.

¢ Continuously updating GMM estimation (CUGMM):

here the idea is to estimate the weighting matrix as well as

the parameters jointly. The objective function is as follows.
-1

G (0) = [ng;e)] lwai;e)gT (xu%] lnge)}

In numerical optimization, Q ~ is updated at every step.



GMM and Instrumental Variables: overview

In many applications, GMM estimators are based upon so-called
conditional moment conditions, which take the form:

E[h (yi, 2zi;00)| zi] = 0

where h (-) is here a P-valued function, whereas z; is a vector of
J instrumental variables.

As per the Law of Iterated Expectations, the above conditional
moments deliver PJ zero moment conditions that are usable
for estimation.

E[g (zi;00)] = E[z; ® h (i, 2:;00)] = 0

The ensuing discussion shows that this type of GMM estimators
encompass and generalize many typical econometric estimators;
among the others: 1. 2SLS; 2. 3SLS; 3. extensions of NLLS, like
Instrumental Variables Non-Linear Least Squares (IV-NLLS).



2SLS as a GMM estimator (1/4)

Recall the IV estimator framed as a MM estimator, and let z;
have dimension J > K (the earlier motivation for GMM). The
moment conditions’ sample analogs are as follows.
1
gy (B) = szi (yz _X;FB) =0
i=1

The associated GMM estimator is:

Bann =
1 Y e 1Y -
= alf;ge]ggn lN ;Zi (?/z — X ﬁ)] Ay [N;Zi (yz - X (5)]

which has an analytic solution. The First Order Conditions of
the problem above are as follows.
1N

N
—2 Uf ;X@Z?] Ay [N >z (yz - XZ‘TBGMM)] =0

i=1



2SLS as a GMM estimator (2/4)

The solution is expressed as:
BGMM =
) )] ()
or, in compact matrix notation, as follows.
Bann = (XTZANZTX)_l XTZANZ y

This looks like the 2SLS estimator. If the weighting matrix Ay
were chosen as:

1 X - 1 -1
A T T
ANZ(w@Zj”Z’) :<NZ Z)

the solution would be ezactly the 2SLS estimator.



2SLS as a GMM estimator (3/4)

The theory of GMM allows additional efficiency gains. If, under
the assumption that the observations are independent A were:

~ — 1 N -~
Ay = QNl = {Avar [\/szz (y@ - XTBGMM)] }
=1
-1
1 Y 2. T
= <N;€Z‘Zizi>
= (1ZTE z>_1

where ¢; = y; — X;FBGMM forte=1,...,N and EN is as defined
in Lecture 10. The GMM estimator would thus become:

-1

Bawar = (X2 (2'Bnz) 27X X'z (z"Bnz) 2"y

which differs slightly from standard 2SLS, as this a generalized
version (in the GLS sense) of the overidentified 2SLS estimator.



2SLS as a GMM estimator (4/4)

The estimated asymptotic variance is no longer “sandwiched.”

X'z (Z'Exz)  Z'X

1
N
How does optimal GMM for this problem fare against standard
2SLS? In the extreme i.i.d. case, it is:

et [Bosun] =

i

N
~ 1
Ay =0y = i Ze?ziz;r 5 PE {zizT}
i=1

where 02 = Var {YZ — wTBO] does not depend on z;; while:

N
~ 1
A;fl =¥ Zziz;r ) {zizﬂ

i=1
therefore the two estimators would asymptotically coincide, as
02 would vanish from the analytical expression for Bgaras. The
equivalence collapses beyond the i.i.d. case, but the differences

are typically minimal in practical settings.



3SLS as a GMM estimator (1/6)
Recall the SEM model estimated by 3SLS from Lecture 10:

y=Xpo+e¢

that is more extensively written as follows.

yi Xy 0 -+ 0 B1o €1

Yo 0 X3 --- 0 B20 €2
A= ]

yp 0 0 -+ Xp| |Bpro Ep

with dimension N x P (N observations for P equations).

Also 3SLS is a GMM estimator. The moment conditions are:
E [Epi‘ ZZ'] =0=E [ziapi] =0

for all equations p = 1,..., P, and where z; are the exogenous
variables.



3SLS as a GMM estimator (2/6)

The sample analog of the moment conditions is:

Y1 — X1;B1
N T
B 1 Y2i — Xq9; B2
gev(B) =~ = =0
Ni:l :

ypi — Xp;Bp
a P(Q-dimensional vector (P equations for @) instruments). It is
better to express this in compact matrix notation:
%(I@ZT) (y—XB)=0
where the Kronecker product diagonally stacks the transpose of
matrix Z just P times (it has dimension PQ x PN).

7z o .. 0
T
I®Z" = 0 Z (.)

0 o ... 77T



3SLS as a GMM estimator (3/6)
The GMM problem is written as:

. T1 T
B =argmin | (127) (v - XB)|

1 T
Ay {N (I®Z )(y—XB)]
where B = |B|. The First Order Conditions are:
L ot 1 T 2 _
- {Nx I Z)} An [N (1ez") (y- XBGMM)} =0
with solution:
. -1
Bomm = {XT (I®Z)Ay (I ® ZT) X} :
X' 10Z)Ay (I®ZT)y

which again varies with the weighting matrix A .



3SLS as a GMM estimator (4/6)
This estimator is equivalent to 3SLS if the weighting matrix is:
Ay=|[(tez") (Syel)aez)
=[Eve ZTZ]_1 =Si'® (ZTZ)_1

with 3 N the estimate of the conditional error covariance matrix
3., as in Lecture 10. Because projection matrices are symmetric
and idempotent, it is:

SV ®Z(272) Z"

(I 7Z) [i;vl ® (ZTZ)_l] (1o 2Z")

Pl I) (1 Pg)

(1o Pyz) (i:;vl ® 1) (12 Pyz)

-1
where Pz = Z (ZTZ) ZT — showing equivalence with 3SLS if
the latter is obtained under both hypotheses of within-equation
homoscedasticity and cross-equation dependence.



3SLS as a GMM estimator (5/6)

Further efficiency gains are obtained with an optimal weighting
matrix. Under the hypothesis of independent observations, it is:

Ay =0yl = {@ {1 (I ® ZT) (y _ XEGMM)} }—1

VN
1 R —1
_ (N (102")8x (e Z))
where Sy is analogous to Sy ® I, yet slightly more complex:

SN,H SN,H T SN,lP
. Snv21 Sn22 - Snop

Sy = . . .
§N,P1 §N,P2 e §N,PP

To express it properly, define the following for ¢ = 1,..., N.
epgi = (ypi - x,; BpGMM) (yqi - XqTZ‘BqGMM)

(Continues...)



3SLS as a GMM estimator (6/6)
(Continued.) Thus, for any p,q=1,..., P:

e;%m 2() .. 0
. 0 e e 0
SN.pg = p~q2
0 0o - e}%qN

The resulting GMM estimator (which is seldom used) is:

B = {XT I®1Z) {(I ®Z") Sy (I® Z)} o (I®Z") X}_ X
xXT(1®Z) {(I@ZT)§N(I®Z)TI I®Z")y

and its asymptotic variance-covariance is estimated as follows.

—

Avar [lgGMM} =

_ % {XT 157) KI®ZT) Sy (I®Z)}71 (I®ZT) X}_l



IVs in non-linear models (1/4)

The GMM framework is well suited to extend the Instrumental
Variables approach to non-linear estimators like (for example)
generalizations of the MLE score that allow for ezogenous I'Vs.

The GMM problem associated with E [z; ® h (yi, zi;00)] = 0 is:

T
Ocp v = argmin ZZZ (yi, zi; )] .

0c®
[ ZZZ' YZaZz; )1

which generally lacks an explicit solution. Yet an expression for
both the limiting and asymptotic variances can be obtained via
the theory of GMM; one notices that, in this case:

Go = lim N - ZE {Zz h' (yi, zi; 90)]

and similarly for Gy (0).



IVs in non-linear models (2/4)

A typical application is in single-equation non-linear models if:

B[ (xi300) - (4 — h (xi500)| £ 0

the error term ¢; = y; — h (x;; 0¢) is not mean-independent of
the implicit set of instruments that is defined by the Non-Linear
Least Squares estimator, because of some case of endogeneity.

The solution is to use a J-dimensional vector of IVs z; with:
E [Zi -h (yl', Zis 9)] =K [Zi (}/,L —h (mi; 90))] =0

hence the Non-Linear Two-Stages Least Squares (NL2SLS)
estimator follows from the solution of this GMM problem. Note:

VN (éNL2SLS - 90) 4

N (0, (JOTAOJ())A IJTAQAT, (JOTAOJO)I)

(Continues. . .)



I'Vs in non-linear models (3/4)

(Continued.) ...where Jo, the analogue of Gy, is defined as:

1 1 Y
P 1 _
i=1 i=1
hy; is as in Lecture 11, while Ay and §2( are as before.
The estimated asymptotic variance of the NL2SLS estimator is:
Avar [éNLQSLS] =
1 /= ~ -1~ ~ ~ —~ ~ -1
=~ (FRANIN)  TRANQNANTy (TRANTY)

where:

N 1 N o

and 171@ is as in Lecture 11.



I'Vs in non-linear models (4/4)

The particular choice of the weighting matrix entails the same
considerations as in the case of “linear” GMM-2SLS:

-1
1. Ay =N (Z L1 %iZ; ) delivers the traditional (standard)
version of the NL2SLS estimator, akin to standard 2SLS;

A -1
2. with independent observations, 2y = N (Zij\il e?ziz?)
where e; is the usual residual for each i-th observation;

3. in such a case, however, the optimal NL2SLS estimator is
obtained by setting Ay = ﬁ&l, and like in the 2SLS-3SLS
cases it is asymptotically equivalent to “standard” NL2SLS
only under homoscedasticity.

Note that if one specifies z; = hg;, so that the instruments enter
as z; = h; in the estimation problem, GMM yields the standard
NLLS estimator from Lecture 11.



Optimal Instruments (1/3)

¢ In this framework, every function of the instruments I (z;)
which takes values upon a J'-dimensional set yields valid
moment conditions of the kind:

E[l(zi) ® h(yi,2i;00)] =0
so long as PJ’ > K, where K is the number of parameters.
® A relevant question is to what extent it is possible to build
appropriate optimal instruments, so that GMM delivers

the most efficient estimate available with the information
enclosed in the conditional moment conditions.

® [t can be shown that this objective is achieved via matrix:

L (yi,2i;00) =
9 )
=B | B (1,7 00) z,-] (Var [h (ys, 2:: 00)| ]}

where the first term is K x P, while the second is P x P.



Optimal Instruments (2/3)

® The efficient estimate of 0¢ is then obtained through the
following K “optimal” moment conditions:

E (g (yi, 2i; 00)] = E[L (y;, 2i; 00) - h (ys, 2i;00)] =0

...and the corresponding estimate 0 MM solves a simple
Method of Moments sample analog system of equations.

]17?_\[:1 {L (Yi,zi; 6MM> ~h (Yivzi; éMM)} =0

Since the model is just-identified, Ay is redundant.

While this result holds in theory, any practical application
requires a priori knowledge of the elements that enter into
L (yi, zi; ©0), which is generally not the case.

Thus, practice favors simple, untransformed IVs z;.



Optimal Instruments (3/3)

® This is best illustrated with the linear model. In fact, this
problem is analogous to the specification of 3 in “feasible”
GLS for small samples.

® This is not just an analogy: if z; = x;, P =1 and:
h (Yi,2i; Bo) = Y — 2 Bo
the resulting Method of Moments estimator is just GLS!

1
L Y @i — ..
GLS( iy Lq; BO) € G% (mz)

e Similarly, if z; = x;, P = 1 but the model is non-linear:
h (Yi, xi;00) = Y; — h(xi; 00)
the model yields the “Generalized” version of NLLS.

Lenvoes (Yi,®i;00) = —hoi - ————



Testing overidentification (1/3)

Is it possible to test that the zero moment condition that
motivate GMM are valid in the data (real world)?

Well, not always...but in overidentified models, one can
test some of them if the others are maintained.

The ensuing discussion assumes overidentification: J > K.
The starting point is the Hansen J statistic:

J (éGMM> =Ngy (éGMM> ﬁfleN (§GMM) 4 XF_x
the GMM quadratic objective evaluated at QGM M times N.

Under the null hypothesis that the moment conditions are
“true,” the statistic should be close to zero.

Too high values may lead to rejecting the null hypothesis.



Testing overidentification (2/3)

The Hansen J statistic is not very helpful if there are many
moments relative to the number of parameters: J >> K.

In this case, one may want to test blocks of moments. The
so-called “incremental” Sargan test performs this task.

Intuitively, if some moments are redundant the others can
be used to estimate Og; such an estimate is used to test the
redundant moments.

Suppose that the moment conditions are split in two blocks:

g1 (z:; 09)
E i;00)] =E =0
lg (i 00)] [92 (i3 90)]
with |91 (aci; 90)| =J1 > K, |gg (a:i; 90)| =Jo, J1 + Jo=J.

Assume that E [g1 (z;;00)] = 0 is true; the null hypothesis
is Ho : E|[g2 (z;60)] = 0.



Testing overidentification (3/3)

® The “incremental” Sargan statistic is:
Js (8 8) = 3 (Bannr) — 7 (8) 4 ¢,

for:

7(8) = Nehy (8) @5lEn (6) % i

and:

3 . T P
0 = argmingy; (0) QN BN (0)
0€®
where here gy, (8) is the sample mean of g1 (x;;0), Qy, is
some consistent estimate of its variance-covariance matrix
and J (-) is Hansen’s J-statistic.

® Intuitively, the Sargan test results from the original Hansen
J-statistics, minus another Hansen J-statistic that obtains
from a “reduced” GMM model only based on the first block
of J1 moment conditions.



Example: overidentified Mincer equation (1/2)

® Return to the Mincer equation from Lectures 7, 9 and 10.
log Wi = Bo + B1X; + B2 X7 + B3Si + o + €

® Suppose that there are three IVs: “distance from college”
Z;; “fellowship grant” G; and “friends in college” F;.

® Some of these instruments may not be exogenous!

® The moment conditions are as follows.

BN

(103; Wi — Bo — B1X; — B2 X7 — 5351') =0

=o€

S QAN X -




Example: overidentified Mincer equation (2/2)

® This model is estimable via 2SLS-GMM for Y; = log W},
zl = (1,X;,X2,8;) and 2} = (1, X;, X2, Z;,Gi, Fy).

® Moreover, one can test if either moment condition specific
to one of the three I'Vs is invalid, one at the time.

® The Hansen J-statistic here is:

R N Trn “lrn
J (ﬁ2SLS) =N [Z Ziei‘| lz €?Ziz?] [Z Ziei] 43
i=1 i=1 i=1

where, as usual, e; = y; — X;IBQSLS.

® To proceed, one would sequentially remove each IV: Z;, G,
F; from the model, calculate the Hansen J-statistic for such
a reduced model, and then the associated Sargan statistic.

® Rejecting a Sargan test is suggestive that an IV is invalid.



Unsolvable Moment Conditions

® Occasionally, the functions g (x;; 0) that express the GMM
moment conditions are difficult to calculate, like when they
are defined by integrals without closed form solution.

® Like in the analogous problem with Maximum (Likelihood)
Estimation, this one calls for simulation-based solutions.

® Let the moment conditions be E [g (x;;0¢)] = 0, where:
9(06:0) = | gu (s 0) i, (u)
U

and where u; is a random vector with c.d.f. H, (u;) that is
integrated out over its support U. This integral may lack a
closed form solution given 0 and x;.

¢ Simulators would be based upon a set {us}f:1 of S random
draws of u; from H,, (u;): Direct Monte Carlo Sampling.



Method of Simulated Moments (1/2)

® A consistent moment simulator is, for i =1,..., N:
1 S
gs (x;;0) = g > Gu (x4, us;0)
s=1

where g, (x;, us; 0) is a subsimulator.

® The subsimulator is ideally unbiased, so that it guarantees
Gs (xi;0) B g (x;;0) by standard asymptotic arguments.

® The Method of Simulated Moments (MSM) estimator
is defined as:

T
. 1 & 1 X
Opsyv =argmin | — » gg(x;50) An|— > gs(x:;0
sy S [y B

where Ay is a J x J weighting matrix that has probability
limit Ay, as in standard GMM.



Method of Simulated Moments (2/2)

® The MSM estimator accommodates overidentification, like
regular GMM itself.

® However, the issue of unsolvable moments could very easily
occur in just-identified models (J = K). In such cases, it is
Ay = Ap =1 (again like in regular GMM).

¢ If the moment function is g (x;;0) = z; ® h (y;, z;; 0): that
is, it is based on instrumental variables, the simulator is:

S
N 1
g XZ7 gz yzazlaus,e)

where hy, (vi,2i, us; 0) is again a suitable subsimulator that
here applies for h (y;,zi; 0).

® This case is illustrated through the next example.



Example: IV random coefficients logit (1/2)

® Recall the random coefficients logit model from Lecture 11.
That model leads to the moment condition:

E[Y; — A(Bo+ B1:X3)| Xi] =0

where A (-) is the logistic c.d.f. of the binary outcome Y;
conditional on X;.

® This moment can be interpreted like in linear models, more
easily so if one defines the “error” Y; — A (Bo + B1:X;).

¢ This moment might be difficult to calculate. Let once again
be Bli ~ N(Bl, 0'2) and U; = (Blz — Bl) /G, then:

A(Bo+ B1iX;) = /R/l (Bo+ (B1 + ow;) Xi) ¢ (u;) duy

and the integral clearly lacks a closed form solution.



Example: IV random coefficients logit (2/2)

* A just-identified MSM estimator for © = (B¢, B1, 0?) here
would be based on the simulator:

_ 1Y 13~

s (i, x30) = = > x lyi — = > A(Bo+ (B1 + ous) x;)
N i=1 S s=1

given the subsimulator A (Bo + (B1 + ous) ;).

® Now, suppose that because of endogeneity, the regressor X;
is correlated with the model error Y; — A (o + B1:X;). Yet,
J > K valid Vs z; are available so that the following holds.

E[Y; — A(Bo+ B1:Xi)| zi] =0
® Hence, in this setting the simulator
1 1S~
9s (Yi, vi,2i;0) = N >z |yi— g > A(Bo+(B1+ouy) ;)
i=1 s=1

affords a suitable overidentified MSM estimator.



Method of Simulated Moments: Observations

e To properly discuss the asymptotic properties of the MSM
estimator, it is useful to make some observations.

® Let the J x J limiting variance-covariance of the simulators
be:

_ 1 XN
Qy= lim Var [— ) g (x;; 09
[ 7o)

N—oo

this matrix also features noise due to the simulation!

® One can show that, by the Law of Total Variance:

902904-]\}1_1}10013 [ aru[ Zg ch,GOH

with ¢ as in regular GMM. Regarding the second element
on the right-hand side, the outer expectation is taken with
respect to @; — while the inner variance-covariance is taken
with respect to u;. As S — oo, this element vanishes.



Method of Simulated Moments: Asymptotics
The following result was originally given by McFadden (1989).

Theorem 3

Asymptotic Efficiency of the Method of Simulated Moments
estimators. If an MSM estimator is based upon an ubiased simulator
gs (x4;0), and all conditions implicit in the statement of Theorem 1
are met, even with fired S the estimator is consistent and its limiting
distribution is as follows.

VN (aMSM - 90) 4

N (0. (GF A0Go) " GT A¢0A0Go (GF AoGo) )

Proof.

(Outline.) The proof proceeds through the manipulation of the First
Order Conditions of the MSM problem as in the proof of Theorem 1,
relying on the unbiasedness of the simulator for the sake of simplifying
some key expressions. O



Method of Simulated Moments: Remarks

This asymptotic result is better than the analogous one for
SML: here, consistency does not require S — oo!

This is quite an advantage for MSM over SML — besides all
usual considerations about MM versus MLE.

However, having a large simulation size is still helpful, as it
makes €2y asymptotically coincident with 2.

When performing inference on the MSM estimator, Ag, Gg
and ¢ must be estimated. A is “estimated” by An.

Regarding G and 2y, they are estimated using the formulae
from regular GMM, but substituting g (x;; 0) evaluated at
the GMM estimator with the simulator gs (x;;0) evaluated
at the MSM estimator.

With small S, the second element of Qo must be estimated.



Applications of GMM: overview

The importance of the Generalized Method of Moments is largely
theoretical, as it encompasses many common estimators.

Consequently, it is hard to identify non-generic examples of GMM
applications: GMM is a first of all a framework. What follows is
an attempt to illustrate the usefulness of this framework.

Three concrete “domains” of GMM are overviewed next.

1. Dynamic linear models for panel data.
2. The estimation of production functions.

3. The estimation of rational expectations models.



Dynamic linear models for panel data (1/3)
e Consider the following model for panel data.
Yit = o+ X B + VYi—1) + it

In many macroeconomic models the past affects the present:
this is captured here by parameter .

® Time feedback may also affect the error term, which in such
a model is typically autoregressive:

git = PEi(t—1) + &it

for some p € [—1, 1], and where & is i.i.d. (“white noise”).

e This leads to endogeneity, since by construction:

E[Yi—1)€it] # 0

and OLS estimation is therefore inconsistent.



Dynamic linear models for panel data (2/3)

® Moreover, typical solutions to unobserved heterogeneity
are not available in this model. Suppose that o« = 0 but the
error term features a fixed effect.

Eit = 0y + €54

¢ By construction, such a fixed effect is correlated at the very
least with the lagged outcome variable.

E[Yj—1ycit] #0
® The within transformation here reads:
yit — i = (xit — %) B+ (yi(t—l) - ?]i) +ei — &

yet endogeneity persists, as the demeaned lagged outcome
is mechanically correlated to the demeaned error term.

E [(Yi(H) - Y;-) (eit — 52‘)} #0



Dynamic linear models for panel data (3/3)

The GMM approach for this class of models is based on two types
of moment conditions, which can be possibly combined within a
larger overidentified system of moments.

® Moment in levels, featuring a product between the first
difference of the error term and the higher lags (one period
and beyond) of the dependent variable (Arellano and Bond,
1991). For s > 2, this is:

E {}/i(tfs)AEit} = 0.

® Moment in differences, featuring a product between the
error term and the higher lags (one period and beyond) of
the first difference of the dependent variable (Blundell and
Bond, 1998). For s > 2, this is:

E {Ayvi(t—s)git} =0.



Estimation of production functions (1/3)

e Consider a Cobb-Douglas production function model like the
one from Lecture 7, but adapted to panel data:

Yit = o + Brki + Brlis + wit + it
where y; = log Yy, kit = log Ky, ¢ = log L;; and:
log Ajt = a; + wir + €4t

the log of “total” productivity A;; is split between a constant
factor «; and two time-varying factors w; and e;.

® Why this distinction? While part of the error can be treated
as exogenous:

E [e4t] kit, €ie] = 0
(think about lucky events), the other part may not:
E [a, wit| kit, ] # O

as firm adapt their inputs k;j, £;; to their own circumstances.



Estimation of production functions (2/3)

e Complications arise if the “endogenous” error component w;;
is autoregressive, like €;; in dynamic linear models.

wit = Pwj(t—1) + it

® A suitable GMM approach is akin to the Blundell-Bond one
for dynamic linear models. Subtract py;(;_1) from both sides:

Yit — PYit—1) = @i (1 — p) + Px (kit - pki(t—l))
+ Bz (&‘t - Pf@'(tq)) + vit

where vy = it + it — Pg;t—1)- Note that wj; vanishes.

® Estimation is based on the following moments, for s > 2.

Aki—s) ) (4 e _
E [(Agz(ts)> (az (1 - p) + &t + it — pgi(tl))‘| =0

Yet, estimates from actual applications are often imprecise.



Estimation of production functions (3/3)

® Modern control function methods — see Ackerberg, Caves
and Frazer (2015) — are based on moment conditions like:

ki —s
E , (t=5) (yit — Brkit — Brlit
i(t—s)

-9 (S/O\i(tfl) - BKki(tfl) - BLgi(tl)))‘| =0
for s = 2,...,¢; where @;;_1) = ¢ (ki(t—s)vki(t—s)ami(t—s))
is a non-parametric prediction function of «; + Wi(t—1)-

® Here my is a “shifter” variable (for example, variable input
materials) and ¢ (-) is another non-parametric function.

¢ The implicit “timing” assumption is: E [e;, | ki) = 0. Tt
is motivated if firms cannot see &; before “adjusting” k.



Estimation of rational expectation models (1/3)

¢ The motivation of GMM in econometrics was structural in
origin, because the zero moment conditions may be derived
directly from economic theory.

® The rational expectations models from macroeconomics
provide a good example of this. The GMM treatment of the
permanent income model by Hall (1978) is reviewed next.

® (Consider representative consumers who maximize their own
lifetime intertemporal utility function:
Ht]

Tt
1 T
U (Ct, Ciy1, ..., Cr) = By l E (15) U (Citr)
T7=0 +

subject to an intertemporal budget constraint.

) <1+5> (Copr = Wigr) = Ay

7=0



Estimation of rational expectation models (2/3)

e Here C; is consumption; U (Cs) is the per-period utility;
W, are the earnings; A, are the assets; r is the interest
rate; 0 is the discount factor; and I; is the information
set. Most variables are referred to a generic time period s.

¢ Individuals form expectations E; [W;,|I;] regarding their

future earnings. The Euler equation is thus as follows.
1496
E, [U'(C L|=——U(C
¢ [U' (Cry1)| 1] T+r (Ct)
e With a “Constant Relative Risk Aversion” (CRRA) utility:
1 -«
U(Cy) = 1ot

the Euler equation specializes as:
Ei [B(1+7) Ry — 1|1 =0

where B = (1 + 5)_1, A= —aand Ry = Ciy1/Ch.



Estimation of rational expectation models (3/3)

® A researcher may want to estimate parameters 3 and A.

® For this sake, GMM may be applied directly to the moment
conditions motivated by this theory of optimal choice.

E, l(é) (B (1+7) Ry — 1)] =0

® Suppose that the researchers observes several variables z;
that are known to affect the information set I;. In this case,
the moment conditions become:

E [z (B(1+7m) Ry —1)] =0
leading to overidentification whenever |z;| > 2.

® Observe that this model requires no statistical assumption
beyond those that are derived from economic theory.



