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Structure, identification and causality: roadmap

® This lecture develops some theoretical concepts at the core
of econometric theory.

® [t starts with a general definition of a structural model,
while also providing some examples.

¢ [t then develops a general definition of identification as it
applies to structural models.

® To better substantiate these concepts, the lecture illustrates
examples of linear simultaneous equations models.

¢ Finally, the lecture develops the concept of causality as it
applies to structural models, and highlights the connection
between identification and causality.



Structural models

A “structural” econometric model is a set of relationships
that link together some socio-economic variables of interest. In
such a model, one usually distinguishes between:

¢ some P endogenous variables: y; = (Y14, Yo, ..., Yp;);
® some () exogenous variables: z; = (Z1;, Zai, . .., 2qQi);
¢ and some R unobserved variables €; = (£14,€2i,...,€Ri),

sometimes also called unobserved factors.

A structural model relates endogenous variables to themselves,
to exogenous variables as well as to unobserved factors through
P functional relationships.

Y, = S(yi,zi,sz’%e)

As usual, the subscript 7 denotes units of observation.



Structural model: discussion

® The P relationship are assumed a prior: and motivated by
economic theory or by other knowledge about the economy.

® These model is characterized by a vector of parameters 0
(|6] = K) and whose parameter space is written as @. The
“true” parameter vector is written as 8y € ©.

® The objective is to conduct statistical inference about ©
using a data sample {(y;,2;)}x | of size N.

e To this end, distributional assumptions are necessary.

¢ In a fully parametric approach, an econometrician makes
assumptions about the entire joint distribution of (y;, 2;).

¢ [n a semi-parametric approach, an econometrician makes
more limited assumptions, e.g. about selected moments.



Linear simultaneous equations models (1/2)

A leading example of a structural model is the linear version of
a simultaneous equations model (SEM). For P = R this is:

Y1 Y+ ... +v1ipYpi = 1121 + ...+ 19 Zgi + €1
Yo1Y1i + ... +YopYpi = G21 21 + ...+ G2 Zgi + €24

YpiYii+ ... +vppYpi = Op1Z1i + ... + bpZgi +<pi
where the parameters © are as follows:
* 0= (v1,--,YP;P1,...,Pp);
® Yp=(Ypi, -+ VpP);

® (bp = (d)pl’ .- '7¢pQ)-

For convenience, some parameters are typically normalized, e.g.
Ypp=1forp=1,...,P.



Linear simultaneous equations models (2/2)

A SEM can be written in compact vectorial notation:
Ty, = ®z; +¢;

where T" and ® are, respectively, matrices of dimension P x P
and P x @), which collect the 2P vy, and ¢, parameter vectors
along their rows; while:

Y1i 215 €14

Y2 22i €2
yZ - 9 zi - . 9 sl -

ypi 2Qi Epi

collect the observation-specific realizations of y; and z; as well as
the values of €;.



Example: the Mincer model as a SEM

The Mincer equation from Lecture 7:
log W; = Bo + B1X; + B2X] + BsS; +ewi
together with the equation for education S; from Lecture 7:
Si=Y0+Y1Zi + b1Xs + G2 X7 + £3;
are a (linear) SEM. Here:

® log-wages W; and S; are the endogenous variables;

® the random vector z; = (X;, X2, Z;) collects the exogenous
variables;

® while €1; = a; + ¢; and e9; = Yo, + 1; are two “combined”
unobserved factors.

More examples of structural models follow.



Example: the Kline I model (1/2)

SEMs were introduced by the ‘Cowles commission’ in the ‘40s,
at a time when econometrics was developed with the ambition of
creating a large macroeconomic model of the economy.

A primitive but celebrated model is the Klein I (1950) model:

Ci=op+ 1P+ ocaPrq + oz (WP + W)) +en
It = Bo + B1P + PoaPi—1 + P3Ki—1 + €2
Wf =vY0+Vv1X¢ +v2Xi—1 + V34 + e3¢

which was paired with the following “identities” (restrictions).

Xt:Ct+It+Gt
P=X,—T,— W}
Ki=Ki 1+1;

The Keynesian consumption function from Lecture 7 is a very
simplified version of this model.



Example: the Kline I model (2/2)

The variables in the model are as follows:

C} is consumption;

I; is investment;

G is the government’s nonwage expenditure;

X is the aggregate demand or GDP;

T; are the indirect business tax plus net exports;

K, is the aggregate capital stock and K;_1 is its lagged value;

P, is the aggregate level of profits realized in the private
sector and P;_q is its lagged value;

W} are wages paid in the private sector;
W are wages paid in the business sector;

A; is a constant time trend.



Example: entry models (1/2)

The dominant “structural” subfield in Economics is Industrial
Organization (IO). An archetypical class of structural models
in IO are the entry models. Here is a stylized one.

Consider N markets indexed as ¢ = 1,..., N, each populated by
an endogenous number F; of identical firms. The average profit
of a firm in market i, as a function of F; is:

i (Fy) = mvi (Fy, zi,v5,00) — C;

where:

myi (+) is a variable profits function;
® 2z, are erogenous market variables with parameters 0 ,;;

® 1, are some unobserved factors;

and C; are the market-specific fixed costs.

In standard economic models, my; (-) is decreasing in F;.



Example: entry models (2/2)

Economic theory predicts that, under complete information, in
equilibrium firms will enter the market insofar they can make
positive profits. This yields:

F; € argminmy; (F, zi,vi;00) st myy (Fiy 24, v400) —C; >0
FeN

F; is a non-linear step function of the exogenous variables.

If the demand function has a constant elasticity (, it is directly
proportional to a measure of “market size” ziT Op + v;, where z;
are factors affecting demand; 0, = (0 p, ¢); firms have constant
marginal costs and compete a la Cournot, then:

¢ (Z;IGD + Vi)
g

()

mvi (F, zi, v, 00) =

d la Berry (1992), and convenient for the sake of estimation.



Before estimation

Structural econometric models can be different to one another,
and they are estimated in different ways. Before proceeding to
estimation, however, econometricians are advised to make sure
their model is conceptually sound.

Specifically, they should address the following questions.

1. Is it possible to use the results of my estimates for the sake
of attributing unique values to each parameter belonging to
the set 07 [Identification]

2. Is it possible then to use these estimates in order to answer
questions about the “effect” that certain variables have upon
the others? [Causality]

Questions like these lie at the core of econometric analysis. The
concepts of identification and causality are introduced in the
remainder of this Lecture.



Identification: intuition

® There are competing informal definitions of identification.

® At the core, a certain parameter set 0 € @ is identified in
a statistical model if no other set 0’ € @ is equally capable
to generate the data, in a probabilistic sense.

® Intuitively: if education S; and wages W; are related in the
data, is it due to some “effect” of education on wages (P3)
or to the indirect effect of ability «;?

® The formal definition was developed by Rothenberg (1971)
in the context of a fully parametric model.

® Quoting Rothenberg, “the identification problem concerns
the existence of a unique inverse association” from the data
to the parameters of interest.

® The idea is easily generalized to semi-parametric models.



Some basic definitions

Definition 1

A data generation process (DGP) is the joint probability distribu-
tion Fg (2;,€;) parametrized by 0 or, given the P relationships s (-;-)
implied by the structural model, Gg (2;,y;)-

Definition 2
A family P of DGPs is some given set of similar DGPs.

Definition 3

A structure 0’, is a specific restriction on © that uniquely determi-
nes a particular DGP Pg: (2;,€;) € P.

Definition 4

A statistical model M the set of valid structures, which needs not
to be equivalent with the family of DGPs P. A statistical model M is
best understood as the set of structures M C P that are compatible
with the restrictions implied in the structural model.



Example: parametric bivariate regression
Consider a simple bivariate linear model:
Yi=PBo+B1Xi+ei

where the data are generated according to a well-known family
P of DGPs, a bivariate normal distribution:

X; ~ N M . 0% Oze
&g He ’ Oze (7?
implying the following.
Yi~ N <f30 + Bite + He, BT0S + 2B104: + Gf)

® The restriction p. = E[g;] = 0 is usually imposed.

® The statistical model M is the set of structures that are
allowed by the model: © = (Bo, B1, Hy, 02, 02, Oge ).

® An example is the restriction 8¢ = (5,2,0,2,2,1).



Identification definitions

Definition 5
Observational Equivalence. Two structures 0’ and ©” are obser-
vationally equivalent if P (y;, z;|0') =P (y;, 2;| 0”).

Definition 6

Global Identification. A Structure 0’ € @ is globally point identi-
fied if there is no other structure © € @ that is observationally equi-
valent to it.

Definition 7

Local Identification. A Structure 0’ € © is locally point identified
if there is no other structure in an open neighborhood of ©’ that is
observationally equivalent to it.

Definition 8
Model Identification. An econometric model M is identified if all
its structures © € ® are identified.



Non-identification: an example (1/4)

Theorem 1

Identification of a fully parametric bivariate regression. The
statistical model M from the previous example is not identified, but
the restricted model given by M’ = {0 € M : 0, =0} is identified,
specifically, globally point identified.

Proof.
(Sketched.) The proof proceeds as follows.

1. One establishes a rule to select parameter values from the data,
akin to estimating 0. In this case MLE is applied, thanks to the
fully parametric assumptions and the likelihood principle.

2. One then shows that M does not allow for a unique solution of
the MLE problem.

3. One finally shows that M’, instead, has a unique solution.

Here only point 2. is shown, proceeding in two steps. First, it is shown
that parameters (pi,, 02) are identified; then, that & = (Bo, B1, 02, 05:)
are not identified. Point 3. is then easy to show. (Continues...)



Non-identification: an example (2/4)

Theorem 1

Proof.
(Continued.) Focus on (uz, Gi): their identification is based on the
observations of X; only. So long as the realizations {z1,...,zx} are

not identical to each other, the log-likelihood function

N o (21— o)’
logﬁ(llm;‘fi|xlv-~-va) = —?log27r(7§ —;#

has a solution (see Lecture 5). The Hessian matrix, when evaluated at
the solution, is:

~ o~ 0.2 0
H(Hx70—i|$1,...,$1\[) =-N |:06 28.;4:|

and since 02 # 0 its determinant is nonzero. By the Implicit Function
Theorem, the MLE solution is thus unique. (Continues...)



Non-identification: an example (3/4)

Theorem 1
Proof.

(Continued.) Now consider the entire sample {(yz,xz)}fil and the
log-likelihood function

N
log £ (S Y1, - YN, 15, TN) = —310g27r( 262 4 2B1 0, + 0'?)

(yi — Bo — 1)’
2 (702 +2B10, + 02)

N
i=1

(one can abstract from w, and 02 as they are shown to be identified).
Define
62 = 162 + 2610, + 02
and L
ei =Yi — Po — Pz

fori=1,...,N. (Continues...)



Non-identification: an example (4/4)

Theorem 1

Proof.
(Continued.) The First Order Conditions are:

9Bo

810g£(3|...) zzN:i—

i=1

6log£<3|...) N<[31G -i—(rgcs [510 +Um>
ZI Z Z -
dlog L (3|
902 - 20‘2 204 -

dlog L (9]...) (N R e
904e -k (285_2283 N

=1

and the last two are linearly dependent, hence no unique solution can
be obtained. |



Non-identification: discussion of the example

® The identification condition o,. = 0 in M’ states that the
covariance between X; and e; must be zero.

® This is akin to the “exogeneity” condition in linear models!
Namely, that E [¢;| X; = z;] =0 for all z; € X

® This implies linearity of the CEF of Y; given X;, and:

Ogpe = Cov (Xi, Ei) =E [ngz] —E [XZ] E [El]
= Ex [E[Xiei| Xi]
=0

because E [g;] = 0 and the Law of Iterated Expectations.

® [ntuitively, 0, = 0 makes sure that the co-movement of X;
and Y; that is observed in the data is due to 31 alone — and
not to other factors.



Example: semi-parametric bivariate regression

Identification definitions extend to semi-parametric models.
Consider again the bivariate linear model Y; = By + p1X; + &4,
but devoid of fully parametric assumptions.

In this case one can re-define the concept of “model” M as a set
of structures of the kind

0 = (Bo, B1, Pe, Pe, Peis )

where P, P: and P, are families of probability distributions
— respectively of X;, of g;, and of ¢; conditional on X; — that are
allowed by the model M.

An obvious restriction here is that all elements of P, conform to
E [e;] = 0; clearly an unrestricted mean is indistinguishable from
the constant parameter {3¢.

Identification is achieved here by placing a restriction on P, —
and not a surprising one: it must be E [g;| X;] = 0.



Semi-parametric identification: an example

Theorem 2

Identification of a semi-parametric bivariate regression. Con-
stder the semi-parametric bivariate linear model M incorporating the
restriction | [e;] = 0; this model is not identified. Instead, the restricted
model M' = {0 € M : E[g;| X;] = 0} is identified.

Proof.

(Outline.) A heuristic proof is based on the analysis of cross moments
of the model (like covariances) that involve X; and ¢;, and it leverages
the analogy principle (see Lecture 5) to evaluate identification.

® M is not identified because it allows for E [X;e;] = g (X;), where
g (X;) is some function of X;. Hence, a zero moment condition of
the form E [X;e; — g (X;)] # 0 does not lead to a unique solution.

¢ Instead, M’ is identified: the moment conditions implied by the
model lead to a unique association from the data to 3¢ and ;.

In model M’ the families P, P., and P.|, are trivially identified: all
non-degenerate joint distributions allowing for mean independence of
the error term comply with the definition of identification. O



Identification: summary

Identification must always be evaluated on a case-by-case
basis. Identification failures can occur in various ways.

The two previous examples describe failures of statistical
identification: in order to obtain identification, restrictions
on the DGP are typically necessary.

Singularity of matrix Ky and its sample analogue in linear
regression (occurring e.g. due to the dummy variable trap) is
a mechanical or algebraic failure of identification. Issues
of this sort also occur in other models.

In elaborate structural models, algebraic non-identification
can derive from the relationships specified in s (+; 0).

Linear SEMs provide instructive examples of the latter: the
classic example of demand and supply is developed next.



Reduced form and separable models

Some additional definitions are necessary.

Definition 9
The reduced form of a structural econometric model is its solution
for y;.

y; =1 (2,€;;0)

Definition 10
A separable structural model is one that possesses a reduced form
representation.

For example, SEMs are separable if I is invertible, where:

yi =T (®z; +¢))
=Ilz; +

II=T"'® is a P x Q matrix of reduced form parameters
Ty (p indexes rows, ¢ columns) and n; = T te;.



Demand and supply in equilibrium

® An econometrician observes a sample of N markets which
feature information about the price P; and quantity Q; of
a given good or service; ¢ = 1,..., N indexes markets.

® The demand QZD and the supply Q;S are specified as linear
functions of the price; (v, v?) are their error terms.

Qf):oco—i—qui—i—viD
Q7 =PBo+P1Pi+ v

® We learn from economic theory that, in a market, demand
and supply meet in equilibrium.

QP =@ =Q

® Prices P, and quantities @); are determined simultaneously
and interdependently: they are both endogenous.



Demand and supply in equilibrium

The parameters of this model are not identified.

To see why, consider the reduced form of the model.

51060—0(1[30+f)1UP—O(1U§
B1— o B1—ou
oo —Bo vl —v?

P1—o1  P1—ou

Qi =

P =

Z’Z ’L’Z

By construction, E { } # 0 and E [ QZ} # 0.
Neither fully nor semi-parametric approaches would work.
Only the constants of the reduced form are identified.

Intuitively, infinitely many pairs of supply and demand
curves meet in the equilibrium points.



Infinitely many demand and supply curves




Exact, partial and over-identification

By expanding the model one can obtain better identification results.
Again, some definitions are necessary.

Definition 11

Exact, or just identification. An econometric model is exactly or
just identified (the two expressions are interchangeable) if there exists
a unique association from the data to the parameter set 6.

Definition 12

Partial identification. An econometric model is partially identified
if there exists a unique association from the data to a subset of the pa-
rameter set 6 (0* C 0), but not so for the other parameters.

Definition 13

Overidentification. In an econometric model a subset 0** of the pa-
rameter set © (0** C 0) is overidentified if there exist multiple associ-
ations from the data to the parameter subset in question.

Partial identification and overidentification can coexist in a model.



Partial identification with a demand shifter (1/2)

® Now add a new variable: the exogenous consumers’ income;
denote it as M;.

® According to theory, this affects demand but not supply.

® Hence the model becomes:

Qi = g + 1 P; + oo M; + vP
Qi = PBo+ B1P + v

e .. and the reduced form is now as follows.

D s
Xg — X X Y — XUk

0; = B1oxo 1(30Jr B1oe M+ Biv; 10U}
B1— o B1— o1 B1— oy

Pi_O(()—BU X9 Mi—f-UiD_UZS

_[31—“1 B1— o1 B1— oy



Partial identification with a demand shifter (2/2)

o If E[vp,vs| M;] = 0, the two reduced form equations are
identified!

® Hence, 1 (the supply curve’s slope) is identified as the
ratio of the two coefficients for M;!

® The model is partially identified: other parameters are
not identified.

® The intuition is that M; is a demand shifter: it allows us
to account for changes in demand that do not depend upon

other factors (a ceteris paribus thought experiment).

® This, in turn, allows to “trace out” the shape of the supply
curve, which stays constant.

® The intuition is best appreciated graphically.



Shifting demand and tracing supply

P

Qi




Exact identification of demand and supply
® Add another variable: an exogenous index of production
costs, denoted as Cj.
® According to theory this affects supply but not demand, so:
Qi = & + oaq Py + oo M; + vP
Qi = Bo + B1Pi + B2Ci +vf

e . .and the reduced form is as follows.
BleD — Oq’l}%g

Xy — & o o
B1xo 1Bo B1oo M, 1B2 1+

R +
@i 1 — o 1 — o B1— o1 1 — o1
Pi:ao—f)o o2 . B2 Ci+vf)—vgq

B1—o1  P1—o B1— a1 1 — o1

o If E[vp,vs| M;] =E[vp,vs| Ci] = 0 exact identification
is attained! The six structural parameters can be recovered
from the six reduced form parameters.



Overidentification of the supply curve

¢ Add another variable: the exogenous price of a competing
product, denoted as P;". Drop C; from the model.

® According to theory, P affects demand and not supply, so:
Qi = xo + 1 P + o M; + a3 Pf + vP
Qi = PBo+B1P; +0f

e . .and the reduced form is as follows.

D s
Xp — X X X v — XUk
Qi:BIO 1[30+ BI2MH— f313P;<+f31Z 1V}
1 —ou B1— o B1—ou 1 — o
poCo=Bo, @ . & . U0
CUBi—og Br—on 0 Bi—oa b Br—ou

e Note that (31 is overidentified: it can be recovered in two
ways (intuitively, there are two demand shifters). Note that
other parameters are instead not identified.



Identifying a linear SEM: general approach
e If E[e;| ;) = 0, a reduced form equation of a linear SEM:
Yyi = 1 Z1i + Mo + - + T Zgi + Mpi

is identified. This gives P x @ identified parameters in II.

¢ However, there are P (P + () structural parameters in
(T, @). To achieve identification, restrictions leading to a
one-to-one mapping IT — (I', ®) are necessary.

® So-called exclusion restrictions (e.g. M;, C;, P showing
up either in the demand or in the supply equation, but not

in both) are most common in econometrics.

¢ Under the diagonal normalization y,, =1 forp =1,..., P,
at least P (P — 1) restrictions are necessary.



Rank and order condition: introduction

The position of the exclusion restrictions matters, however:
even with the right number of restrictions, some parameters
may be overidentified, other not identified.

Example: the model with M; and P but without C;. This
is a problem of determinacy of the solution for (T, ®).

To guide the analysis of linear SEMs, the rank and order
conditions are borrowed from linear algebra.

Both express necessary conditions for identification; they
complement one another.

They are based on the analysis of the P x (P + @) matrix
which “horizontally binds” I" and ®.

F=[l 3



Order and rank conditions

Order condition for SEM identification
Define g, as be the number of restrictions applied to the p-th
equation of the structural form.

e if o, < P — 1, the p-th equation is not identified,

e if p, = P — 1, the p-th equation is exactly identified, as long
as the rank condition holds;

e if o, > P — 1, the p-th equation is overidentified, as long as
the rank condition holds.

Rank condition for SEM identification

If the order condition holds, the p-th Equation is identified if at
least one nonzero determinant of order (P —1) (P — 1) can be
constructed out of the coefficients of the variables excluded from
that equation but included in other equations in the model.



Order and rank conditions: discussion

To check the rank condition for the p-th equation, one should:

1. delete from F the columns corresponding to the variables
included in the p-th equation; and

2. delete row p too, which results in some submatrix F,.

Submatrix F, should have full row rank for the rank condition
to hold in the p-th equation.

Note that while the two conditions are formulated with respect
to the number of endogenous variables P; they can alternatively
be expressed in terms of the number of exogenous variables Q).

Taken together, the two conditions allow to express a sufficient
condition for exact identification of a linear SEM, which can be
linked to the analysis of instrumental variables (Lecture 10).



Sufficient condition for SEM identification

Theorem 3

Sufficient Condition for Exact Identification. A SEM is at least
exactly identified if every equation of the structural model features an
exogenous variable that does not show up in any other equation.

Proof.
(Exercise!) This proof is a straightforward and instructive application
of the order and rank conditions, and it is best left as an exercise. [

This delivers a strategy for estimating a just -identified SEM:
1. verify that the model is identified;
2. estimate the reduced form parameters IT via OLS;
3. solve for the structural parameters (I', ®).

This approach is known as Indirect Least Squares (ILS).

The Two- and Three-stages Least Squares elaborated in Lecture
10 are however more general, and allow for overidentification.



Introduction to causality

An important feature of econometric models is their ability
to express the causal effect that some economic or social
variables have on the others.

There are several competing definitions of causality. The
dominant approach is the “potential outcomes” framework
in statistical causal inference.

The ensuing discussion elaborates the traditional definition
of causality in separable, structural econometric models.

In addition, it develops its connections with identification
and with the statistical causal inference framework.

What follows assumes that the exogenous variables Z,; for
g=1,...,Q can vary on their support X_,, independently
of other exogenous variables as well as of unobservables.



Individual causal effects
Definition 14

Individual Causal Effect. Consider the unit of observation i; the
realizations of its observable and unobservable factors are written as
(zi,€;). Let zg4; be the ¢-th element of z; and z_; be the collection of
all other () — 1 elements in that vector. The individual causal effect of
the exogenous variable Z,; on the endogenous variable Y}, for unit i is:

/
Cq;m' (Zqi7 Z_qi, E’:i) =Tp (Zqia Z_qi, €i) —Tp (Zqia Z_qi, 61')
if X,4 is a countable discrete set with (qu, qz) € X2 being two con-

secutive values; and:

Copi (24i,2—gi, €i) = Tp (2qis Z—qi» €i)

0
ﬁzqi
if X, is a continuous set, and where 7, (-) is the p-th equation of the

reduced form, the one that predicts Yp;.

® The individual causal effect can be interpreted as the “effect” of
a ceteris paribus marginal variation of Zy; on Y.



Example: causal effects in the Mincer equation

In the Mincer equation:

® the causal effect of education S; is:

Cswi (8i, i e1i) = Ps

® ... whereas the causal effect of experience X; is:
Cxwi (8i, i, €11) = B1 + 2Bax;

which is a function of the current experience x; of the i-th
observation.

Generally, in linear models the causal effect of variables without
higher order terms and/or “interactions” equals their associated
structural parameter.



Causality: discussion

e (Causality and identification are distinct concepts. In a (say
linear) model which is not identified, causal effects may be
still well defined.

® However, estimation of causal effects typically requires an
identified model.

e If the variable of interest is a binary treatment S; € {0,1}
causal effects are usually expressed through the potential
outcomes framework by Rubin (1974):

v [V it si=1
CYi(0) ifS;i=0

so the causal effect in question is Csy; = Y; (1) — Y; (0).

® Theoretical connections between the structural econometric
framework and Rubin’s framework exist.



Average causal effects

Individual causal effects are not too interesting, and hard to evaluate.
The population averages of causal effects are more interesting/useful.

Definition 15

Average Causal Effect. In the population, the average causal effect
associated to variable Z; is the expected value of the individual causal
effects conditional on the other exogenous variables z_,.

ACEqy, (Zqia Z—qi) =E. [Cqm‘ (Zqi»z—qia &)l qi> Z—qi] =

= / qui (quj, Z_qi7 Ei) fe\z (EZ‘ Zqiv z—qi) dé‘li e dEP,'

® For binary treatments, this is called Average Treatment Effect.

ATEy =E[Y; (1) = Y; (0)] 214, - - -, 2(@—1)i]

® A related quantity is the Average Treatment on the Treated.
ATTy =E [Y; (1) = Y; (0)| Ss = 1; 214, - - -, 2(@—1)i]



Causal effects and the CEF

Econometricians often estimate the derivative of the CEF:

0
M%/p|z (2qis 2—qi) = 92 E[Ypil Z1is Z2is - - - Zi]
q

Zqi:zq'i

with ¢ = 1,...,Q. How does this compare with the ACE?

The two quantities are generally not equal.

#i,p|z (24i, 2—qi) =

0

62q~; Xe

p (Zqi7 Z—qi, Ei) fs\z (51| Zqis Z—qi) dey; ... dep;

qi

' 0
= / Tp (Zqi7 Z_qi, Ei) |:afs|z (E-Ll Zqi, Zqi):| dev; ... depi +
Jxe z

7]
Jr/X [aZTP (Zqz',zqnsi)} felz (€l 2qi, 2—qi) deri .. . depi
e qr

=ACEqp (zqi ,z_qi)



Conditional Independence Assumption

Hence, the ACE and the CEF derivative coincide only if:

0
/ Tp (2qis Z—gi» €i) [(%fez (&il 2isZ—qi) | de1i ... dep; =0

qt

€

which is ensured under the following condition.

Definition 16

Conditional Independence Assumption (CIA). The CIA is the
hypothesis that the the unobservables €; and a specific exogenous va-
riable Z,; are statistically independent, conditional upon all the other
exogenous variables z_g;.

Zqi 1 €i| Z_qi

® For binary treatments, the CIA can be written as follows.

Yi(1),Y:(0) L Si| Zss .., Z(g=1i



Causality in linear models (1/2)

e If the CEF of interest in linear:
E [ Ypil Z1is Zoiy - - Zqi] = Bo + B1Z1i + B2Z2i + ... BoZqi

and the CIA holds for Zg, then B, = ACE, (24i,2z—q) for
any g = 1,...,Q of interest.

® The CIA is weaker than unconditional independence, but it
is closely linked to the condition for statistical identification
(mean independence of the error term, d la E[g;| X;] = 0).

® Thus, “identification” and “causality” are often confused.

® An important special case is the one where the regressor of
interest S; is binary and satisfies E [S;| ;] = x 7 for some
exogenous variables @; (like in fully saturated models).

Yyi = X; Bo + 80si + €i



Causality in linear models (2/2)
® In this case, the CEF derivative is the ATE.

Wyise =E[YilSi=1,2] —~E[Yi| S; = 0,2] = A (2)

® Thus, by the Yitzakhi-Angrist-Krueger decomposition:

Y= TR P(S = e - P(Si = )]

where ¢ (@) = P(S; = 1] @) [l - P (S = 1]a,)).

® The linear projection 6* identifies the ACE of S; on Y; if:
1. the causal effect A (x;) is constant over x;, or;

2. the probability to “take up the treatment” (S; = 1) is
constant for x;.

Else, 6* carries the usual approximation interpretation.



Triangular models

In some cases, causal effects can also be defined for endogenous
variables. This happens in so-called triangular models.

Definition 17

Triangular Models. A triangular structural model is one where its
P equations and its P endogenous variables can be ordered in such a
way that, for any natural number P’ < P, the first P’ endogenous va-
riables never enter the last P — P’ equations, or vice versa.

The simplest triangular model is perhaps the following.
Yi=Po+ P1Xi+ P2Zi + &
Xi=mo+mZ;+n;

Generally a linear SEM is triangular if matrix I' is either upper-
or lower-triangular. The Mincer model is triangular.

Causal effects like that of X; on Y; above, or education on wages
in the Mincer case, are well-defined in models of this sort.



